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Here we give the proofs of the 3 lemmas used in the main paper. Since the proof of Lemma 2 will use the conclusion of
Lemma 3, we prove Lemma 3 before proving Lemma 2 in the following proofs.

Lemma 1. VA, B € R"™*" that satisfy AT B = 0, we have

(WA + By« >
)4+ Bllr = [AllF

Proof. Denote by A, (X) and oy (X) the k-th eigenvalue and singular value of matrix X, respectively, and denote by S the
subspace of ™. Based on the Courant-Fisher MaxMin Theorem [1]], we have

Y'ATAY + Y'BTBY
M(ATA+BTB) = max  min i ;

dim(S)=k, Y#0,Y€S YTy ’
 YTATAY + Y'BTBY + YTATBY + YTBTAY
= max min T
dim(S)=k, Y#0,YES Y'Y
=0i(A +B)
YTATAY
M(ATA) = max  min ———
dim(S)=k,Y#0,YesS Y'Y
= Uk( )-

Since Y'BTBY > 0, we have
YTATAY + Y'BTBY - YTATAY
YTy - yly
oi(A+B) > 0} (A),
lok(A + B)| = |ow(A)].
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Based on the definition of F-norm and weighted nuclear norm, we have

A + Bllw,. = Z lwioi(A + B)| = Z [wioi(A)| = [|Al]w,«;
||A+BHF_ZU (A + B) >Za = |A|%.

O

Lemma 3. VA € R"*" and a diagonal non-negative matrix W € R™*" with non-ascending ordered diagonal elements, let
A = X®YT be the SVD of A, we have

oi(A)o;(W) =  max  tr[WUTAV],
- UTu=I1,vTv=I



where I is the identity matrix, o;(A) and o;(W) are the i-th singular values of matrices A and W, respectively. When U = X
and V =Y, tr[WUT AV reaches its maximum value.

Proof. Based on the definition of eigenvalue and the triangle inequality, we have

tr[WUTAV] = | Y X\(WUTAV)|
< Z I\(WUTAV))|.
i
Based on the Theorem 3.3.13 and Theorem 3.3.14 in 2], we have
> IN(WUTAV) <Y o (WUTAV)
Z < iUi(W)Ui(UTAV)
< Z 0:(W)oi(A)

From the above derivation, we have 3, 0;(W)o;(A) > tr[WU" AV)]. For a special case, let U = X and V = Y, tr[WUT AV
reaches its maximum:

> oi(A)oi(W) = max  tr[WUTAV].
P UTu=1,vTv=I

Lemma 2. VM = [ ] withA € R™*™ and D € R"*", if the weights satisfy w1 > - -+ > Wpin > 0, we have

a >
O =

M« = [|A]lwy .+ + (1Dl 5,

where w = [W1, ..., Wmin), W1 = [W1,..., W] and wa = [Wimi1, .. Wingn)-

Proof. Based on the conclusion of Lemma 3, assume that W is a diagonal matrix and its diagonal elements are the corre-
sponding elements in the weight vector w. If the weights satisfy w; > ... > w,, > 0, VX € R"*™ we have

X||w,« = (X))o (W) = tr[WUTXV].
s = 32 0sB0W) = o ]

For matrix M, with the above equality we have

M| s = = ma tr\WU" MV
M= | € 5 | = pry 5y VUMY
wi 0 ul 0 A B Vi 0

> max tr

T UTUL=LVTVi=LUTU2=1,VI V=1 [< 0 W2)< 0 Ul cC D 0 Vs ]

= max tr[W,UTAV,] + max tr[WoU3 DV,

UTU =1VTV =I UTU=1VIVa=I
= ||A||W17* + ||D||W2*
O
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