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Point matching is a challenging problem in the fields of computer vision, pattern recognition and medical
image analysis, and correspondence estimation is the key step in point matching. This paper presents a
quadratic programming based cluster correspondence projection (QPCCP) algorithm, where the optimal
correspondences are searched via gradient descent and the constraints on the correspondence are satis-
fied by projection onto appropriate convex set. In the iterative projection process of the proposed algo-
rithm, the quadratic programming technique, instead of the traditional POCS based scheme, is employed
to improve the accuracy. To further reduce the computational cost, a point clustering technique is intro-
duced and the projection is conducted on the point clusters instead of the original points. Compared with
the well-known robust point matching (RPM) algorithm, no explicit annealing process is required in the
proposed QPCCP scheme. Comprehensive experiments are performed to verify the effectiveness and effi-
ciency of the QPCCP algorithm in comparison with existing representative and state-of-the-art schemes.
The results show that it can achieve good matching accuracy while reducing greatly the computational
complexity.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

Image registration and shape matching are fundamental yet
challenging problems in different application domains including
computer vision, pattern recognition and medical imaging [1–3].
By using the extracted feature points to represent the original im-
age or shape, the registration problem can be formulated as a point
matching problem. There are usually two unknown variables in-
volved: the transformation and the correspondence [8]. Compared
with the transformation, the correspondence tends to be more dif-
ficult to handle because it is constrained and there are a large num-
ber of elements in it.

To tackle the problem, different approaches have been pro-
posed. Among them, the robust point matching (RPM) algorithm
and its variants [8–10,12] are very successful. The softassign tech-
nique [12] allows fuzzy or partial matches between two point sets.
The deterministic annealing technique [13] is used to control the
fuzziness and optimize gradually the correspondence. The Sink-
horn technique is used to enforce the constraints on the correspon-
dence by alternate row and column normalization [14]. The result
achieved by RPM is generally satisfactory but the annealing pro-
cess used in it is explicit and needs to be manually controlled.
ll rights reserved.
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Graph matching is a problem sharing similarities with point
matching. It focuses on recovering the correspondence between
two sets of nodes or edges in two graphs. Similar to RPM, the grad-
uated assignment (GA) algorithm [15] relaxes the correspondence
to be continuously valued and uses deterministic annealing for
optimization. The successive projection graph matching (SPGM)
algorithm [20] improves GA by replacing the annealing scheme
with gradient descent based method for correspondence recovery.
The constraint for correspondence is satisfied by constrained
projection.

Inspired by the optimization scheme of SPGM, we propose a
new point matching method in this paper. Point matching is for-
mulated as a joint linear assignment-least square optimization
problem in the same way as in [8]. The value of the energy function
is decreased by solving a least square problem w.r.t. the transfor-
mation and gradient descent w.r.t. the correspondence. The con-
straint for correspondence is satisfied by constrained projection.
Compared with RPM, no annealing schedule is required to explic-
itly control the fuzziness of the correspondence.

The constrained projection in [20] and our problem setting have
no closed-form solution. The algorithm proposed in [20] is based on
POCS technique, which implements by decomposing the original
constraint set into two simpler subsets, for which the closed-form
solutions exist. The solution to the original projection problem is
approximated by successive projections onto the two subsets.
sed cluster correspondence projection algorithm for fast point matching,
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The above method has some inherent problems. First, the corre-
spondence to be projected is only used for initialization but it is not
exploited in the rest of the procedure. Therefore, accumulation er-
ror may occur in the computed solution. Second, certain portion of
information contained in the correspondence to be projected may
become lost due to the decomposition of the original constraint set
into simpler subsets. These problems degrade the overall perfor-
mance of the method.

To overcome these problems, we propose a quadratic program-
ming (QP) based method for constrained projection based on the
fact that constrained projection is equivalent to a quadratic pro-
gram. However, QP may become computationally inefficient when
the cardinalities of two point sets become large. To remedy this
problem, we further introduce the idea of clustering into the pro-
jection process to reduce the number of variables to be solved in
QP. The resulting quadratic programming based cluster correspon-
dence projection (QPCCP) algorithm is empirically proved to con-
verge faster, have higher computationally efficiency and higher
registration accuracy than POCS based method.

The rest of the paper is organized as follows. Section 2 briefly
reviews the related works. Section 3 formulates the point matching
problem considered in this paper. Section 4 presents the frame-
work of gradient based point matching. Section 5 describes the
QPCCP algorithm. Section 6 focuses on the choice of the transfor-
mation. Section 7 performs extensive experiments to verify the
proposed algorithm. Section 8 concludes the paper.
2. Related works

This paper focuses on correspondence recovery. In this section,
we briefly review the main methods and their relations with the
proposed QPCCP scheme.

The mutual dependence between the transformation and the
correspondence prompts the development of the iterative closest
point (ICP) method and its variants [4–7]. In each iteration of ICP,
the closest point matches are used as the correspondence and
the transformation is updated based on the estimated correspon-
dence. However, the fact that the correspondence is binary makes
the optimization problem ill-posed. Without a good initialization,
the ICP method may converge to a local minimum. To remedy
the problem, in RPM and thin-plate-spline-RPM (TPS-RPM) meth-
ods [8–10], the correspondence is relaxed to be continuously val-
ued which has the physical meaning of partial match. The
deterministic annealing optimization technique [13] is used in or-
der to avoid falling into many local minimums. Similar to TPS-RPM,
in the proposed QPCCP method the correspondence is relaxed to be
continuously valued. Different from TPS-RPM, however, no explicit
annealing scheme is required to control the fuzziness of the corre-
spondence in QPCCP.

RPM needs an annealing schedule to compute the correspon-
dence which tends to produce a bias in aligning the centers of
the mass of two point sets. To solve the problem, Sofka et al. [23]
proposed a covariance driven correspondence (CDC) algorithm
where the uncertainty in point correspondences is used to drive
the registration process. The uncertainty is derived from the
covariance matrices of the individual point locations and the
covariance matrix of the estimated transformation parameters. A
robust objective function and an expectation–maximization (EM)
like algorithm are used to simultaneously estimate the transforma-
tion parameters, their covariance matrix and the correspondences.
Neither annealing schedule nor an explicit outlier process is
needed. The experimental results in [23] show that CDC has broad-
er domain of convergence than ICP and is more robust to missing
or extraneous structures in the data than RPM. However, it remains
unknown how to extend this method to the case of non-rigid reg-
Please cite this article in press as: W. Lian et al., A quadratic programming ba
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istration. Compared with CDC, the proposed QPCCP is general en-
ough for non-rigid matching.

Joae Maciel et al. [24] proposed a method for the correspon-
dence problem where most of the commonly used assumptions
can be handled in a unique formulation. It implements by convert-
ing the original integer optimization problem into a continuously
valued one by building a concave objective function and relaxing
the search domain into its convex-hull. The special structure of
the extended problem ensures its equivalence to the original one,
but it can be efficiently solved by continuous optimization algo-
rithms that avoid combinatorial search.

If discriminative features are used, the correspondence problem
can be greatly alleviated. Belongie et al. [16] proposed a new fea-
ture descriptor called shape context (SC) and applied it to point
matching. The correspondence problem is reduced to a binary lin-
ear assignment problem where the coefficients come from the dif-
ferences of SC. However, the constraint of continuity, i.e. the
neighboring points should be matched to neighboring points, is
not taken into account in SC. Several schemes have been proposed
to tackle the problem. In [17], SC and continuity constraint were
embedded in a dynamic programming framework to detect shapes
in cluttered scenes. It guarantees the optimality but imposes an
ordering structure on the template point set, which limits its appli-
cability. Relaxation labeling was used in [18] to improve the corre-
spondence recovery result of SC by preserving the locality, which is
defined by the neighborhood graphs on both point sets. In a differ-
ent problem setting [19], linear programming and successive con-
vexification were used to solve the matching problem. Such
methods rely heavily on the rich amount of shape features for cor-
respondence recovery, while the proposed QPCCP only depends on
the points’ positions.

POCS is a commonly used technique for constraint satisfaction
by constrained projection and it has been successfully applied to
signal processing, image enhancement, neural networks and optics
[21,22]. Usually no closed-form solution exists for the original con-
strained projection problem. POCS decomposes the constraint set
into several simpler subsets, for each of which the projection prob-
lem can be more easily solved. Then the projection onto the origi-
nal constraint set is approximated by successive projection onto
each constraint subset. Compared with the POCS technique, the
QPCCP algorithm to be developed in this paper has much better
performance in both accuracy and computational efficiency for
point matching.
3. Problem formulation

Suppose there are two point sets to match in the d-dimensional
space Rd: the template X ¼ fxi;1 6 i 6 ng and the target
Y ¼ fyj;1 6 j 6 mg. To make the point matching problem more
tractable, we assume that each point in X has an analog in Y but
not vice versa, which implies n 6 m. This assumption makes sense
for applications such as object recognition, where the task is to de-
form X to match a certain portion of Y. Y may contain noise points
that have no correspondences in X but each point in X has a corre-
spondence point in Y. In other words, we do not allow model occlu-
sion but we do allow noisy extraneous data features [11].

As shown in [8], point matching can be formulated as a combi-
natory optimization problem. However, it is generally difficult to
solve due to the combinatory nature of point matching [8]. There-
fore, in the same spirit as in [8], we pursue an approximate solu-
tion by relaxing the correspondence to be continuously valued. In
doing so, the choice of the energy function becomes an important
issue, because poorly formulated energy function may drive the
solution away from being binary at all. We adopt here the form
sed cluster correspondence projection algorithm for fast point matching,
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Table 2
Algorithm 2: point correspondence projection by successive projections.

Initialization: P ¼ eP
REPEAT

P  TCr
P
ðPÞ

P  TCc
P
ðPÞ

UNTIL P converges
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of the energy function as proposed in [8], which holds the meaning
of a joint linear assignment-least square optimization:

EðP; f Þ ¼
X

i;j

pi;jkyj � f ðxiÞk2 þ akLfk2 ð1Þ

where P ¼ fpi;jg records the correspondence and f represents the
transformation. The 1st term of E measures the spatial alignment
error. In the 2nd term, L is an operator and kLfk2 is used to regulate
the behavior of f. Parameter a serves to balance the two terms. The
constraint on P is:

CP ¼ pi;j :

Pm
j¼1pi;j ¼ 1; 1 6 i 6 nPn
i¼1pi;j 6 1; 1 6 j 6 m

pi;j P 0; 8i; j

8><>:
9>=>; ð2Þ

where the 1st row of CP ensures that each point in X has an analog
in Y, the 2nd row ensures that each point in Y has at most one ana-
log in X and the 3rd row ensures that P is physically meaningful.
With the energy function E, the problem of point matching is for-
mulated as the minimization of E subject to constraint CP .

4. Gradient descent based point matching

In general, no closed-form solution exists for the problem of
minimization of E subject to constraint CP due to its complicated
nature. Alternative approaches, such as iterated optimization
methods, can be employed for a suboptimal solution. Here, we
adopt a gradient descent based method. Referring to Table 1, it
consists of the updating of the transformation f (step 1) and the
updating of the correspondence P (steps 2–3). The three steps are
iteratively implemented until P converges. The choice of f and
the way of updating it will be discussed in Section 6. To update
P, two steps are performed: (a) gradient decent of E w.r.t. P to de-
crease E and (b) constraint satisfaction of P by projecting P onto the
constraint set CP . The pseudo-code of the algorithm is listed in
Table 1.

In Table 1, 1n�m denotes an n�m matrix whose elements are all
1; rPE denotes the partial derivative of E w.r.t. P; g denotes the
step length and is set to 10 as in [20]; T �ð�Þ denotes a projection
operator and TCP ðePÞ means projecting eP onto the set CP:

TCP ðePÞ, arg min
P2CP

X
i;j

ðpi;j � ~pi;jÞ2 ð3Þ

In general, it is hard to find a closed-form solution to TCP ðePÞ because
CP is complex. A POCS based approach was proposed in [20]. It
decomposes CP into two simpler subsets and each one of the sub-
sets can have a closed-form solution. Then TCP ðePÞ can be approxi-
mated by successive projections onto the two subsets. The
pseudo-code of this algorithm is summarized in Table 2.

In Table 2, Cr
P ¼ fP : pi;j P 0; and

Pm
j¼1pi;j ¼ 1;8ig is the row

constraint set, and Cc
P ¼ fP : pi;j P 0; and

Pn
i¼1pi;j 6 1;8jg is the

column constraint set.
Although it is very simple, the approach in Table 2 has some

inherent problems. First, the matrix eP is only used for initialization
Table 1
Algorithm 1: gradient descent based point matching.

Initialization: P ¼ 1
m 1n�m

REPEAT
Step 1. Find f minimizing E with P fixed;

Step 2. eP ¼ P � g rP E
krP Ek; //gradient descent

Step 3. P ¼ TCP ðePÞ; //constraint projection
UNTIL P converges

Please cite this article in press as: W. Lian et al., A quadratic programming ba
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but it is not exploited in the rest of the procedure. Therefore, accu-
mulation error may occur in the computed solution P. Second,

some information contained in eP may be lost in the alternative

projection on subsets, i.e. TCr
P

and TCc
P
. Taking eP ¼ 1 0 �1

0 �1 1

� �
for an example, we have TCr

P
ðePÞ ¼ 1 0 0

0 0 1

� �
, where only two dif-

ferent elements (0 and 1) are left in contrast with the three differ-

ent elements (0, 1 and -1) in eP . This implies that the POCS
algorithm may lose information in the iteration.

To overcome these problems, we propose a QP based algorithm
for TCP ðePÞ based on the fact that TCP ðePÞ is equivalent to a QP prob-
lem. However, QP may become computationally inefficient when
the cardinalities of point sets become large. To remedy the prob-
lem, we introduce the idea of clustering into the projection process
to reduce the number of variables to be solved in QP. The resulting
quadratic programming based cluster correspondence projection
(QPCCP) algorithm is empirically proved to converge faster, be
more computationally efficient and have higher registration accu-
racy than POCS based algorithm.
5. The QPCCP algorithm

Direct solving of the point correspondence projection may be-
come cumbersome when the cardinalities of two point sets, and
consequently the dimensionality of the point correspondence ma-
trix, become large. Therefore we seek for approximate solutions to
the problem. The idea is to cluster the two point sets, respectively.
The correspondence between the two point sets is substituted by
the correspondence between the clusters of the two sets, and
hence the problem of point correspondence projection is substi-
tuted by the problem of cluster correspondence projection. Finally,
the cluster correspondence projection result is converted back to
the point correspondence.
5.1. Cluster correspondence and cluster correspondence projection

By clustering X into N clusters and Y into M clusters, we have a
set of N indices fCx

k;1 6 k 6 Ng for X and a set of M indices
fCy

l ;1 6 l 6 Mg for Y, where Cx
k denotes the index of cluster k in

X and Cy
l denotes the index of cluster l in Y. Note that the clustering

only needs to be implemented once in the initialization of the algo-
rithm. The algorithms such as farthest-point clustering [28] can be
used to cluster point sets X and Y. Since the computational com-
plexity of farthest-point clustering is OðnNÞ (here we assume
n ¼ m and N ¼ M), the clustering process will not have much im-
pact on the overall complexity of the whole point matching
algorithm.

Once the two point sets have been clustered, we can use an
N �M matrix Q to represent the correspondence between the clus-
ters in the two sets. The element qk;l in the cluster correspondence
matrix Q measures the correspondence between Cx

k in X and Cy
l in

Y, as illustrated in Fig. 1. Let us define the constraint on Q, i.e. the
cluster correspondence constraint, as
sed cluster correspondence projection algorithm for fast point matching,
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(a) point correspondence (b) cluster correspondence

Fig. 1. Point correspondence vs. cluster correspondence.

Table 3
Algorithm 3: approximate point correspondence projection by cluster correspon-
dence projection.

BEGIN

Convert eP to cluster correspondence eQ by ~qk;l ¼
P

i2Cx
k
;j2Cy

l

~pi;j

jCx
k jjC

y
l
j ;

Solve T 0CQ
ðeQ Þ to get the cluster correspondence result Q;

Convert Q to point correspondence P via:
For 8i; j

if 9k; l, so that i 2 Cx
k; j 2 Cy

l ; then pi;j  qk;l;
End

END
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CQ ¼ qk;l :

PM
l¼1jC

y
l jqk;l ¼ 1; 1 6 k 6 NPN

k¼1jC
x
kjqk;l 6 1; 1 6 l 6 M

qk;l P 0; 8k; l

8>><>>:
9>>=>>; ð4Þ

where j � j denotes a set’s cardinality. The cluster correspondence
constraint CQ can be seen as a weighted version of the point corre-
spondence constraint CP . The relationship between CP and CQ can be
described in the following theorem.

Theorem 1. If P 2 CP, then Q ¼ qk;l
� �

N�M 2 CQ , where qk;l ¼P
i2Cx

k
;j2Cy

l
pi;j

jCx
k jjC

y
l
j ;1 6 k 6 N and 1 6 l 6 M. Conversely, if Q 2 CQ , then

P ¼ pi;j
� �

n�m 2 CP, where pi;j ¼ qk;lji2Cx
k ;j2C

y
l
;1 6 i 6 n;1 6 j 6 m.
Proof. see Appendix A. h

Theorem 1 states that if point correspondence P satisfies the
constraint CP , the cluster correspondence Q formed by averaging
the in-cluster elements of P will satisfy the constraint CQ . Con-
versely, if cluster correspondence Q satisfies the constraint CQ ,
the point correspondence P formed by duplicating Q’s elements
in the corresponding clusters will satisfy the constraint CP .

Inspired by the definition of point correspondence projection
and Theorem 1, we can construct the point correspondence P by
duplicating the elements in cluster correspondence Q: pi;j  qk;l if
i 2 Cx

k and j 2 Cy
l . According to Theorem 1, we have

TCP ðePÞ ¼ arg min
P2CP

X
i;j

ðpi;j � ~pi;jÞ2 ð5Þ

¼ arg min
Q2CQ

X
k;l

X
i2Cx

k ;j2C
y
l

ðqk;l � ~pi;jÞ2

¼ arg min
Q2CQ

X
k;l

jCx
kjjC

y
l jðqk;l � ~qk:lÞ2 ð6Þ

where ~qk;l,

P
i2Cx

k
;j2Cy

l

~pi;j

jCx
k jjC

y
l
j . Therefore it is natural to define the cluster

correspondence projection as:

T 0CQ
ðeQ Þ, arg min

Q2CQ

X
k;l

jCx
kjjC

y
l jðqk;l � ~qk:lÞ2 ð7Þ

Based on the definition of cluster correspondence projection in (7)
and Theorem 1, we can find an approximate solution to TCP ðePÞ as
follows. The in-cluster elements of point correspondence eP are
averaged to get the cluster correspondence eQ . The cluster corre-
spondence projection T 0CQ

ðeQ Þ is then solved and the resulting Q is
converted back to the point correspondence by duplicating Q’s ele-
ments in the corresponding clusters. The pseudo-code is listed in
Table 3.

The solution to T 0CQ
ðeQ Þ will be presented in next section. The

algorithm in Table 3 shares similarity with the fast Gaussian trans-
form [25] in the sense that clustering is used in both of them to re-
duce the computational cost. However, they have different
objectives. The problem to be solved in fast Gaussian transform
Please cite this article in press as: W. Lian et al., A quadratic programming ba
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is the computation of Gaussians, while the problem here is the
computation of point correspondence.

5.2. Cluster correspondence projection by quadratic programming

The cluster correspondence projection defined in (7) is a strict
convex QP problem. Its solution is therefore unique and QP tech-
niques can be employed for this task. For convex QP, Karush–
Kuhn–Tucker (KKT) conditions [29] are both necessary and suffi-
cient. So we only need to solve the KKT conditions to obtain a solu-
tion to the original QP problem. To derive the KKT conditions, we
need to first build the Lagrange function. The Lagrange function
corresponding to the constrained minimization problem (7) is

Jðqk;l; kk;ll; ck;lÞ ¼
XN

k¼1

XM

l¼1

jCx
kjjC

y
l jðqk;l � ~qk:lÞ2

þ
XN

k¼1

kk

XM

l¼1

jCy
l jqk;l � 1

 !

þ
XM

l¼1

ll

XN

k¼1

jCx
kjqk;l � 1

 !
�
XN

k¼1

XM

l¼1

ck;lqk;l ð8Þ

where kk;ll and ck;l are Lagrange multipliers to deal with the con-
straints. The KKT conditions are:

@J
@qk;l

¼ 2jCx
kjjC

y
l jðqk;l � ~qk;lÞ þ kkjCy

l j þ lljC
x
kj � ck;l ¼ 0 ð9Þ

ll

XN

k¼1

jCx
kjqk;l � 1

 !
¼ 0 ð10Þ

ck;lqk;l ¼ 0 ð11Þ
ll P 0 ð12Þ
ck;l P 0 ð13ÞXM

l¼1

jCy
l jqk;l ¼ 1; 1 6 k 6 N ð14Þ

XN

k¼1

jCx
kjqk;l 6 1; 1 6 l 6 M ð15Þ

qk;l P 0 ð16Þ

In the above KKT conditions, (9) is called the stationary point con-
dition which states that the gradient of the Lagrange function L at-
tains zero; (10) and (11) are referred to as the complementarity’s
conditions which state that the Lagrange multipliers corresponding
to inactive constraints are zero. Here a constraint is called inactive if
it is strictly an inequality. An inactive constraint makes no contribu-
tion to the KKT conditions. (12) and (13) are the nonnegativity con-
ditions for multipliers and (14)–(16) are called the feasibility
conditions.

Let us define the index sets S1 ¼ fðk; lÞ : qk;l > 0gðS1 ¼
fðk; lÞ : qk;l ¼ 0gÞ and S2 ¼ fl :

PN
k¼1jC

x
kjqk;l < 1gðS2 ¼ fl :

PN
k¼1jC

x
k

sed cluster correspondence projection algorithm for fast point matching,
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jqk;l ¼ 1gÞ. By only taking into consideration the equalities of the
KKT conditions, we can have a system of linear equations

2jCx
kjjC

y
l jðqk;l � ~qk;lÞ þ kkjCy

l j þ lljC
x
kj ¼ 0; ðk; lÞ 2 S1 ð17Þ

qk;l ¼ 0; ðk; lÞ 2 S1 ð18ÞXM

l¼1

jCy
l jqk;l ¼ 1; k ¼ 1; . . . ;N ð19Þ

XN

k¼1

jCx
kjqk;l ¼ 1; l 2 S2 ð20Þ

ll ¼ 0; l 2 S2 ð21Þ

where the equalities involving ck;l are not involved because they do
not contain qk;l and thus do not need to be solved.

Given the optimal S1 and S2, T 0CQ
ðeQ Þ can be reconstructed by

solving Eqs. (17)–(21). One way to solve these equations is de-
scribed in detail in Appendix B. Since the optimal S1 and S2 are
not known a priori, we need to find a way to estimate them. In-
spired by the method in [27], we propose a heuristic method as fol-
lows. S1 and S2 are first initialized as empty sets. Eqs. (17)–(21) are
then solved to get a solution to Q. If Q does not meet some of the
inequality constraints, the corresponding violated constraints are
augmented to S1 and S2. This process is repeated until all inequality
constraints on Q are satisfied. The pseudo-code is summarized in
Table 4.

The algorithm guarantees that the inequality constraints on Q,
but not ll and ck;l, are satisfied, thus the computed solution to Q
may not fully meet the KKT conditions and hence may not be opti-
mal. However, the algorithm in Table 4 would lead to a good
approximation solution in general. This simplified procedure is
very computationally efficient.

5.3. Complexity

Since the proposed QPCCP algorithm uses clusters, instead of
the original rich amount of points, for point matching, the compu-
tational cost is substantially reduced. To simplify the analysis, let
us assume n ¼ m and N ¼ M, the complexity of QPCCP in each iter-
ation can be summarized as follows.

The complexity of converting point correspondence to cluster
correspondence, or vice versa, is Oðn2Þ. The complexity of QP is
OðN4Þ [27]. Therefore the complexity of QPCCP is OðN4 þ n2Þ. If
n� N, it becomes Oðn2Þ. In comparison, the POCS based projection
has a complexity of Oðn4Þ [20].

6. Transformation f and its estimation

Thin-plate-spline (TPS) [8] is one of the most favorable methods
for modeling non-rigid deformation because of its various good
characteristics, such as its closed-form solution to the bending en-
ergy minimization and that it can be decomposed into a globally
affine component and a locally non-affine component. Therefore
we choose TPS as the transformation f in (1). The TPS transforma-
tion is
Table 4
Algorithm 4: cluster correspondence projection by quadratic programming.

Initialization: S1  ;; S2  ;
REPEAT

Solve linear Eqs. (17)–(21) to get a solution Q;
Augment the constraint violating indices to S1 and S2:

S1  S1 [ fðk; lÞ : qk;l 6 0g;
S2  S2 [ fl :

PN
k¼1jC

x
kjqk;l P 1g

UNTIL qk;l P 0;8ðk; lÞ and
PN

k¼1jC
x
kjqk;l 6 1;8l

Please cite this article in press as: W. Lian et al., A quadratic programming ba
Comput. Vis. Image Understand. (2009), doi:10.1016/j.cviu.2009.12.001
f ðxi;A;WÞ ¼ xiAþUi;:W ð22Þ

Here the homogeneous coordinates are used for xi. A is a ðdþ 1Þ � d
matrix representing the affine transformation. W is an n� d warp-
ing coefficient matrix representing the non-affine deformation. The
TPS kernel U is an n� n matrix with element Ui;j ¼ /ðkxj � xikÞ,
where /ðrÞ ¼ r2 log r is the TPS radial basis function (RBF). Ui;: is
the ith row of U. By using TPS for the transformation, instead of
using the original form of the energy function E, we can have a sim-
pler form of E to perform the minimization w.r.t. the TPS
coefficients:

ETPSðA;WÞ ¼ kPY � XA�UWk2 þ a1traceðWTUWÞ þ a2kSA� Ik2

ð23Þ

With a slight abuse of notation, here X denotes the matrix
formed by stacking the row vectors xi;1 6 i 6 n;Y denotes the ma-
trix formed by stacking the row vectors yj;1 6 j 6 m, and P denotes
the matrix formed by point correspondence. PY can be viewed as
the analogs of the template points in target. In ETPS, the 1st term
is the squared Euclidean distance between the warped template
and target, the 2nd term represents the bending energy and the
3rd term is used to regulate the affine transformation with
S ¼ ½ I 0 � to extract the linear component of the affine transforma-
tion. The 3rd term aims to avoid the unphysical transformation,
which implies that the affine transformation should be nearly a
pure translation.

Matrix W should meet the requirement that it contains no affine
component, i.e. XT W ¼ 0, which can be accomplished by QR
decomposition of X:

X ¼ ½Q 1 Q 2 �
R

0

� �
ð24Þ

and then setting W ¼ Q2B, where B is an ðn� d� 1Þ � d matrix.
Therefore the problem of solving W is reduced to the problem of
solving B.

Function ETPS in Eq. (23) has a least square form and thus the
optimal solution can be obtained by setting its partial derivatives
to 0. The weighting parameters a1 and a2 can be set as
a1 ¼ expðH � H0Þ and a2 ¼ 0:01a1, where H ¼ �

P
i;jp
0
i;j logðp0i;jÞ is

the entropy of P and p0i;j is the normalized version of

pi;j : p0i;j ¼
pi;jP

i;j
pi;j
¼ 1

n pi;j:H0 is the entropy of a binary correspon-

dence: H0 ¼ �
Pn

i¼1
1
n log 1

n ¼ �log 1
n. Since H P H0, we have a1 P 1.
7. Experimental results

The performance of the proposed QPCCP algorithm is compared
with two state-of-the-art point matching methods, TPS-RPM [8]
and SC [16]1. Three iterations are executed for SC. To explore how
much the QPCCP could outperform POCS, we apply POCS to point
matching by embedding it into the framework presented in Table
1 and compare it with QPCCP. To ensure a fair comparison, first
the transformation f and the updating of it described in Section 6
are applied to all the methods; second, we assume that there is no
outlier in the template in implementing TPS-RPM. The code of the
proposed algorithm can be downloaded at http://www4.comp.pol-
yu.edu.hk/~cslzhang/code/QPCCP.zip.

All the experiments were conducted on a Core 2 Due PC with 2G
Hz CPU and 2G RAM under the environment of Matlab 7.3. By de-
fault, the modified Hausdorff distance is used as the error measure-
ment between the warped template and the target:
1 We thank the authors of [16,8] for sharing their codes.

sed cluster correspondence projection algorithm for fast point matching,
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Table 5
Average matching error by different methods.

QPCCP POCS TPS-RPM SC

Callosum 0.0798 0.0879 0.0862 0.1532
Dolpin 0.0970 0.1042 0.0839 0.2022
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errðf Þ ¼ 1
m

X
j

min
i
kyj � f ðxiÞk þ

1
n

X
i

min
j
kyj � f ðxiÞk ð25Þ

By default, the farthest-point clustering algorithm [28] was used as
the clustering algorithm for QPCCP.

Denote by D the ratio of the diameter of cluster to the diameter
of the spatial support of the dataset. There is a trade-off between
accuracy and speed, which is controlled by the selection of D. By
our experimental experience, setting D ¼ 0:1 can achieve a good
balance between speed and accuracy for most of the test datasets.
Therefore, we set D ¼ 0:1 by default in the following experiments.

We first illustrate the performance of the proposed QPCCP
method by using matching examples on 2D and 3D datasets. We
then use the Chui–Rangarajan synthesized dataset to evaluate var-
ious aspects of the method. At last we use two shape databases to
evaluate the performance of different methods.
Table 6
Average computational time (s) by different methods.

QPCCP POCS TPS-RPM SC

Callosum 1.1738 3.0440 1.2808 0.6164
Dolpin 1.2136 3.7334 1.4623 3.0714
7.1. Matching examples on 2D and 3D real data

We first test the matching accuracy of different methods on sev-
eral 2D point sets, including the corpus callosum point sets [9,10]
and a dolphin point set. The templates and targets prior to registra-
Fig. 2. Registration of 2D corpus callosum shapes (row one to row four) and dolphin sha
and targets (blue) prior to registration and the registration results by QPCCP, TPS-RPM, PO
legend, the reader is referred to the web version of this article.)
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tion and the registration results by the four methods are shown in
Fig. 2. The matching error and computational time for all the meth-
ods are listed in Tables 5 and 6. As we can see, QPCCP’s matching
accuracy is similar to that of TPS-RPM and much better than those
by POCS or SC, while QPCCP requires averagely the least time to
execute. The results by SC are not satisfactory because there are
similar structures at the tails of the shapes, which distract SC from
finding the true correspondences.
pes (row five to row six). From the left column to the right column: templates (red)
CS, and SC, respectively. (For interpretation of the references to colour in this figure

sed cluster correspondence projection algorithm for fast point matching,
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Table 7
Matching errors by different methods.

QPCCP TPS-RPM POCS

Spiral 0.0422 0.0137 0.0827
Dinosaur 0.0457 0.0181 0.0664
Chair 0.0354 0.0146 0.0527
Cactus 0.0467 0.0161 0.0747

Table 8
Computational times (s) by different methods.

QPCCP TPS-RPM POCS

Spiral 19.3983 59.6157 59.4375
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We then test the matching accuracy of QPCCP, TPS-RPM, and
POCS on 3D point sets. SC is not applicable because it is limited
to 2D datasets. A 3D spiral point set (containing 500 points) and
its rotated and outlier corrupted version, three other 3D point sets
(a dinosaur dataset, a chair dataset and a cactus dataset, each of
them containing 1000 points) and their rotated versions are used
as the templates and targets, respectively. The templates and tar-
gets prior to registration and the registration results by the three
methods are shown in Fig. 3. The matching error and computa-
tional time for all the methods are listed in Tables 7 and 8. As
one can see, QPCCP requires approximately one third the computa-
tional time of TPS-RPM and far less than that of POCS to achieve a
satisfactory matching accuracy between those of TPS-RPM and
POCS.
Dinosaur 87.6998 327.3892 1226.5000
Chair 98.9164 286.0331 712.0358
Cactus 98.0715 310.5168 427.9001
7.2. Experiments on synthetic data

Synthetic datasets can be used to evaluate the performance of
different methods quantitatively. The Chui–Rangarajan synthe-
sized datasets [8] are widely used in literature to test a point
matching method’s performance against deformation, noise in
point locations and outliers. We used these datasets in this exper-
(a) Spira

(b) Din

(c) Chai

(d) Cactu

Fig. 3. Registration of 3D point sets. From the left column to the right column: template
TPS-RPM, and POCS, respectively. (For interpretation of the references to colour in this

Please cite this article in press as: W. Lian et al., A quadratic programming ba
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iment. After a template is chosen, a randomly generated non-rigid
transformation is applied to the template. Then noise and outliers
are added to the warped template to generate a target. To avoid
bias, Gaussian RBF /ðrÞ ¼ expð�r2=r2Þ, instead of TPS RBF, was
l 

osaur

r

s

s (red) and targets (blue) prior to registration and the registration results by QPCCP,
figure legend, the reader is referred to the web version of this article.)

sed cluster correspondence projection algorithm for fast point matching,
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used to generate the deformation. The parameter r controls the
width/locality of each kernel function. A smaller r generates more
localized and hence less smooth warping. We chose r ¼ 0:5 here.
The coefficients of the Gaussian RBF were sampled from a Gaussian
distribution with a zero mean and a standard deviation s1. Increas-
ing s1 generates more widely distributed coefficients and hence
leads to generally larger deformation.

The Chui–Rangarajan synthesized datasets have two shapes, a
tropical fish and a Chinese character, as shown in the left column
of Fig. 4. They were used as the templates. The targets were gen-
erated in three different ways. First, different degrees of non-rigid
warping (standard deviation s1 varying from 0.02 to 0.08) were
applied to the template to generate the target. This aims to test
the ability of deformation correction for different methods. Sec-
ond, different levels of Gaussian noise (standard deviation s2

varying from 0 to 0.05) were added to a medium degree
ðs1 ¼ 0:05Þ warped template to generate the target. This aims to
test the methods’ robustness against noise. Third, different
amounts of random outliers (outlier to original data ratio s3 vary-
ing from 0 to 2) were added to a medium degree ðs1 ¼ 0:05Þ
warped template to generate the target. This aims to test the
methods’ robustness to outlier. The right three columns of
Fig. 4. Illustration of the Chui–Rangarajan synthetic datasets. The left column: the two te
example targets for the noise test. The right column: example targets for the outlier tes

Fig. 5. Matching examples by different methods for the tropical fish tests. The left col
column: registration result by QPCCP, TPS-RPM, POCS, and SC, respectively. The 1st row

Please cite this article in press as: W. Lian et al., A quadratic programming ba
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Fig. 4 illustrate the three different categories of the targets. One
hundred random experiments were run for each of the three set-
ups. The matching error is defined as the mean of the Euclidean
distance between a point in the warped template and the corre-
sponding point in the target. Figs. 5 and 6 show examples of
the matching results by different methods under the three test
categories.

The average errors for all the methods are shown in Fig. 7,
where QPCCP with different D settings (D ¼ 0:05–0:2) are tested.
As we can see, for the deformation and noise tests, the accuracies
of QPCCP with D ¼ 0:05 and 0.1 are similar to those of TPS-RPM,
and worse than those of SC when the disturbance is small but sim-
ilar to SC when the disturbance becomes higher. For the outlier
test, the accuracies of QPCCP with D ¼ 0:05 and 0.1 are less than
that of TPS-RPM, but higher than POCS and significantly higher
than that of SC. For all the tests, the accuracy of QPCCP decreases
uniformly with the increase of D. The accuracy for D ¼ 0:05 and
0.1 are similar and among the best, which implies that D ¼ 0:1 is
a turning point in terms of accuracy for QPCCP. The running time
of all the methods on the two datasets are listed in Table 9. It
can be seen that the computational time of QPCCP decreases
monotonously with the increase of D. By using an appropriate clus-
mplates. The 2nd column: example targets for the deformation test. The 3rd column:
t.

umn: template and target prior to registration. From the 2nd column to the right
: the deformation test. The 2nd row: the noise test. The 3rd row: the outlier test.

sed cluster correspondence projection algorithm for fast point matching,
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Fig. 6. Matching examples by different methods for the Chinese character tests. The left column: template and target prior to registration. From the 2nd column to the right
column: registration result by QPCCP, TPS-RPM, POCS, and SC, respectively. The 1st row: the deformation test. The 2nd row: the noise test. The 3rd row: the outlier test.
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Fig. 7. Average errors of QPCCP with D ¼ 0:05–0:2 and the other methods on the Chui–Rangarajan synthetic datasets. Left column: the tropical fish test. Right column: the
Chinese character test.
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ter diameter, such as D ¼ 0:1, it can bring advantage in both accu-
racy and speed.
Please cite this article in press as: W. Lian et al., A quadratic programming ba
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Next we compare the convergence speeds of all the methods.
We used the data generated in the deformation tests with a med-
sed cluster correspondence projection algorithm for fast point matching,
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Table 9
Average computational time (s) by different matching methods.

D = 0.05 D = 0.1 D = 0.15 D = 0.2 POCS TPS-RPM SC

Tropical fish 1.4202 0.4985 0.2672 0.1936 2.6206 1.1496 5.7515
Chinese character 3.6833 1.1813 0.4880 0.3074 3.4314 1.4183 6.1413
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Fig. 8. Convergence speed test. The curves of matching error vs. the number of iterations are plotted for all the methods. Left: the tropical fish test. Right: the Chinese
character test.

Table 10
Statistics of different matching methods on the MNIST database.

QPCCP POCS TPS-RPM SC

Average error 0.0676 0.0698 0.0551 0.0595
Average TPS bending energy 0.0012 0.0042 0.0001 0.0157
Average execution time (s) 0.1137 0.9154 0.2552 0.2968

Fig. 10. Images chosen from the MNIST test set database and used as the templates
for the 10 categories.
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ium level of deformation ðs1 ¼ 0:05Þ for testing. The results are
shown in Fig. 8. Since the convergence speed of TPS-RPM is con-
trolled by the decreasing rate of the temperature parameter in
the deterministic annealing framework, which is manually set, it
is not truly appropriate to compare TPS-RPM with the other meth-
ods about the convergence speed. Nevertheless, Fig. 8 still plots the
convergence curves of all the four methods. We can see that QPCCP
converges much faster than POCS and TPS-RPM, requiring only sev-
eral iterations (around 6) to reach a satisfactory result. If the num-
ber of iterations is high enough (40 for tropical fish dataset and 65
for Chinese character dataset), the proposed QPCCP method can
reach a very low matching error, while the POCS and TPS-RPM
method still have a certain level of matching error.

7.3. Effect of clustering algorithms on QPCCP

There is a point clustering process in the proposed QPCCP. So we
need to study the effect of different clustering algorithms on the
point matching accuracy of QPCCP. Three commonly used algo-
rithms, fuzzy C-mean, K-mean and the previously used farthest-
point clustering [28], are employed in the test. The ratio of the
number of clusters to the number of points is set as 1/7. The trop-
ical fish dataset was used as the template for testing. The average
errors by the three clustering algorithms are shown in Fig. 9. It can
be seen that there is no clear winner in accuracy for the three clus-
tering algorithms, which indicates that QPCCP is robust to different
choices of clustering algorithms.

7.4. Experiments on the MNIST handwritten digit database

In this sub-section, we use the MNIST handwritten digit data-
base [30] to evaluate the performance of different methods. There
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Fig. 9. Effect of different choices of clustering algorith
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are 10 categories corresponding to the 10 digits (from 0 to 9) and
each category contains approximately 1000 images with different
handwritten styles. We chose one sample from each category
and used it as the template for that category. The ten templates
are shown in Fig. 10. The rest images in each category were used
as the targets for matching test. The size of each image is
28� 28. To form a point set, the 50 brightest points were sampled
from the image and then the spatial support of the set was normal-
ized to one.

The average error, the average TPS bending energy and average
execution time for each matching method are listed in Table 10. It
can be seen that TPS-RPM is the best one in terms of matching
accuracy and TPS bending energy; the proposed QPCCP is the best
one in terms of execution time, and it ranks the 2nd place in TPS
bending energy and the 3rd place in accuracy. Particularly, its
.03 0.04 0.05
 Level

ns
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ms on QPCCP. Here the tropical fish test is used.
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average execution time is less than half of that of TPS-RPM. The
POCS method is the worst one in all indices.

7.5. Experiments on the MPEG-7 shape silhouette database

At last, we use the MPEG-7 shape silhouette database [31], spe-
cifically the Core Experiment CE-Shape-1 part B, to test the perfor-
mance of different methods. The database consists of 1400 images:
70 shape categories with 20 images per category. Fig. 11 shows
some example images. The 1st shape in each category was used
as the template and the rest shapes were used as the targets. To
form a point set, 150 points were uniformly sampled from the sil-
houette of a shape and then the spatial support of the point set was
normalized to one. In some categories, the shapes appear rotated
and flipped. Therefore, we also used the upside-down and left-to-
right flipped versions of the template in matching, i.e. all the three
versions of the template were matched to a target and the smallest
error was taken as the matching error.

The average error, average TPS bending energy and average exe-
cution time for each matching method are listed in Table 11. We
can see that on this shape silhouette dataset, the SC ranks the first
in terms of accuracy; TPS-RPM ranks the first in terms of TPS bend-
ing energy; the QPCCP method still ranks the first in terms of exe-
cution time, and it ranks the 2nd place in TPS bending energy and
the 3rd place in accuracy. Again, the POCS method ranks the last in
all indices.

8. Conclusion

We proposed in this paper a gradient descent based point
matching algorithm, where the possible optimal correspondence
are searched via gradient descent and the constraints on the corre-
spondence are satisfied by constrained projection. The problem of
projection was solved by using quadratic programming, and to re-
duce the computational cost, a cluster projection technique was
introduced. Compared with the POCS based method, the proposed
algorithm has advantages in fast convergence, high accuracy and
low computational cost. The experimental results show that the
proposed algorithm is comparable in accuracy with state-of-the-
art algorithms but needs much less computational cost.
Fig. 11. Example shapes in the MPEG-7 database.

Table 11
Statistics of different matching methods for MPEG-7 database test.

QPCCP POCS TPS-RPM SC

Average error 0.0690 0.0746 0.0570 0.0448
Average TPS bending energy 0.0086 0.0609 0.0054 0.0420
Average execution time (s) 1.6516 7.2288 2.2217 5.8521
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Appendix A. Proof of Theorem 1

Proof. Let,s first prove the 1st statement in Theorem 1. Because
P 2 CP , then

Pm
j¼1pi;j ¼ 1;8i and we haveXm

j¼1

pi;j ¼
XM

l¼1

X
j2Cy

l

pi;j ¼ 1; i 2 Cx
k ðA:1Þ

From (A.1) we can easily haveXM

l¼1

X
i2Cx

k ;j2C
y
l

pi;j ¼ jCx
kj

orXM

l¼1

jCy
l j
P

i2Cx
k ;j2C

y
l
pi;j

jCx
kjjC

y
l j
¼ 1 ðA:2Þ

Because

qk;l ¼
P

i2Cx
k ;j2C

y
l
pi;j

jCx
kjjC

y
l j

; k ¼ 1; . . . ;N; l ¼ 1; . . . ;M ðA:3Þ

by substituting (A.3) into Eq. (A.2), we haveXM

l¼1

jCy
l jqk;l ¼ 1

Similarly, because P 2 CP , then
Pn

i¼1pi;j 6 1;8j and we haveXn

i¼1

pi;j ¼
XN

k¼1

X
i2Cx

k

pi;j 6 1; j 2 Cy
l ðA:4Þ

It can be easily obtained that

XN

k¼1

X
i2Cx

k ;j2C
y
l

pi;j 6 jC
y
l j

or

XN

k¼1

jCx
kj
P

i2Cx
k ;j2C

y
l
pi;j

jCx
kjjC

y
l j
6 1 ðA:5Þ

By substituting (A.3) into Eq. (A.5), we have

XN

k¼1

jCx
kjqk;l 6 1

Finally, it is apparent that if pi;j P 0;8i; j, then qk;l P 0;8k; l. There-
fore, the 1st statement in Theorem 1 is proved. The 2nd statement
can be proved in the same way. End of proof. h
Appendix B. Solution to Eqs. (17)–(21)

From (9) and (11) we have

qk;l ¼

�kk jC
y
l
j�ll jCx

k jþ2jCx
k jjC

y
l
j~qk;l

2jCx
k jjC

y
l
j ;

ðk; lÞ 2 S1

0; ðk; lÞ 2 S1

8>><>>: ðB:1Þ
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Let dk;l ¼
1; ðk; lÞ 2 S1

0; ðk; lÞ 2 S1

�
, we can have a unified expression of qk;l

qk;l ¼ dk;l
�kkjCy

l j � lljC
x
kj þ 2jCx

kjjC
y
l j~qk;l

2jCx
kjjC

y
l j

ðB:2Þ

By substituting (B.2) into Eqs. (19) and (20), and with (21), we have
a system of linear equations w.r.t. kk and ll; l 2 S2:

�
XN

k¼1

dk;lkk �
XN

k¼1

dk;ljCx
kj

jCy
l j

 !
ll ¼ 2� 2

XN

k¼1

dk;ljCx
kj~qk;l; l 2 S2 ðB:3Þ

�
XM

l¼1

dk;ljCy
l j

jCx
kj

 !
kk �

X
l2S2

dk;lll ¼ 2� 2
XM

l¼1

dk;ljCy
l j~qk;l; 1 6 k 6 N

ðB:4Þ

With kk and ll; l 2 S2 solved from Eqs. (B.3) and (B.4), we can solve
qk;l by invoking (B.1). In practice, the coefficient matrix on the left-
hand side of Eqs. (B.3) and (B.4) may not have full rank. In that case,
the least square solution to minimum norm [26] for kk and ll; l 2 S2

is used.
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