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Abstract

In this paper, we consider the problem of ef�cient computation of distance between uncertain objects.

In many real-life applications, data such as sensor readings and weather forecasts are usually uncertain

when they are collected or produced. An uncertain object hasa probability distribution function (PDF) to

represent the probability that it is actually located in a particular location. A fast and accurate distance

computation between uncertain objects is important to manyuncertain query evaluation (e.g., range

queries and nearest-neighbor queries) and uncertain data mining tasks (e.g., classi�cations, clustering

and outlier detection). However, existing approaches involve distance computations between samples of

two objects, which is very computationally intensive. On one hand, it is expensive to calculate and store

the actual distribution of the possible distance values between two uncertain objects. On the other hand,

the expected distance (the weighted average of the pairwisedistances among samples of two uncertain

objects) provides very limited information and also restricts the de�nitions and usefulness of queries

and mining tasks.

In this paper, we propose several approaches to calculate the mean of the actual distance distribution

and approximate its variance. Based on these, we suggest that the actual distance distribution could be

approximated using a standard distribution like Gaussian or Gamma distribution. Experiments on real

data and synthetic data show that our approach produces an approximation in a very short time with

acceptable accuracy (about90%). We suggest that it is practical for the research communities to de�ne

and develop more powerful queries and data mining tasks based on the distance distribution instead of

the expected distance.

I. INTRODUCTION

Sensor networks and image processing produce uncertain data that, with the recent growth in

these activities, is of interest to researchers working on how to support various kinds of interesting

queries and data mining of these data. While there has been a large amount of research work

done on mining and queries on relational databases, the focus has been on databases that store

data in exact values. In many real-life applications, however, the raw data such as sensor data are

usually uncertain when they are collected or produced. Sources of uncertain data include readings

from sensors, information extracted using probabilistic parsing of input sources, classi�cation

results of image processing using statistical classi�ers,results from predictive programs used

for the stock market, and weather forecasts in meteorology.These uncertain data may be in

the form of an exact value with margins of error, sometimes with or without a probability

distribution (or density) function. The result may also be represented as an interval or a set



of values, one of which may be the real value. However, since traditional databases store only

exact values, uncertain data are usually transformed into exact data by, for example, taking

the weighted average or mean value (for quantitative attributes) or by taking the value with the

highest frequency or possibility. This makes the storage, query and mining much simpler because

it allows the use of existing commercial database systems and mining techniques, but there is an

obvious shortcoming: By approximating the uncertain source data values, the intermediate and

�nal results from the mining tasks and queries will also be approximate and may be wrong. For

example, the locations of centroids of clusters deviate from the real ones; errors may appear in

the calculation of distances between objects; or some data may be even assigned to the wrong

clusters.

The distance between two data objects is a measurement used in various queries and data

mining tasks such as nearest-neighbor queries and clustering (e.g., K-means clustering [1]).

While it is very simple to calculate the distance between twoexact data objects by applying

a distance formula, it is not trivial when the two data objects' locations are uncertain. An

uncertain object has more than one possible location. If each objectoi hasni possible locations,

then we haven1n2 possible distances between objectso1 and o2 for every possible pairwise

combination of their locations. Given a probability distribution Pi of the possible locations of

objectoi , we can calculate a probability distribution of the possible distances. This result is very

informative but it is very expensive to compute, especiallywhen the number of possible locations

is in�nite. Instead, as in [2], an expected distance is used which calculates the average of all the

possible distances between samples weighted by their probabilities. Recent research related to

data mining on uncertain data such as [2], and [3] obtains theexpected distance by assuming that

the information of the precise probabilities of all possible locations are known in advance. The

information is either represented as (i) a discrete probability distribution function (PDF) where

probabilities are given on the �nite set of possible locations, or (ii) a continuous probability

distribution function (or probability density function, pdf) where the probability density is de�ned

on a region.

The expected distance can be directly used, for example, in nearest-neighbor queries for �nding

the nearest neighbors, or in clustering for �nding the cluster centroid closest to an object, and

in outlier detection for �nding outliers which do not have enough neighbors within a speci�ed

threshold distance [4]. Note that the independence assumption of the probability distributions of



objects is used throughout this article.

The expected distance and the distance distribution (i.e.,the actual probability distribution

function (pdf) of possible distances) are two extremes in the representation of the information

about the distance between two uncertain objects. In our previous work [5], a fast approximate

method was proposed to calculate the expected distance. Although this expected distance value

expresses the distance between two uncertain objects in an appropriate way, the information

from the expected distance is still very limited. Thus, the de�nitions of queries and mining tasks

based on that are very restricted and might be misleading dueto the use of only the expected

distance instead of the distance distribution.

Figure 1 illustrates how the choice of using the expected distance or the distance distribution

may affect the decision as to whether two uncertain objects are classi�ed as neighbors. Figure 1

(a) shows two uncertain objectsoa, ob. Figure 1 (b) shows the expected distance and the

distribution of distance values between them. If we de�ne the two objects as neighbors when

their expected distance is not greater than a thresholdr , then in this example,oa andob are not

neighbors. However, if we closely examine the distance distribution, we will �nd that in fact

there is more than50% probability that their distance is smaller than r. It also agrees with the

following fact in statistics: “the mean may not be equal to the median in a skewed distribution”.

This example shows that the expected distance does not suf�ciently take into consideration the

uncertain information of the objects and thus fails to produce useful and even interesting results.
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Fig. 1. Expected distance and distance distribution between two uncertain objects

In addition to the high time complexity due to the all pairwise computations, another disad-

vantage of computing the actual distance pdf is the high costof storing the distance pdf. Since

there is no simple formula to describe a distance pdf betweentwo arbitrary uncertain objects,

in practice we can only store an approximation of the distance pdf. For example, we can store



the probability for each interval of the distance values. A larger interval means a smaller storage

space but it also means a lower accuracy.

In summary, there are three main disadvantages to the existing methods of representing

distances between uncertain objects: First, in considering the distance between the means of

two objects they ignore the pdf of uncertain objects. Second, with regard to expected distance,

current approaches lose the information of all possible distance values (and their probabilities)

and instead only the average of these values is returned; andthird, with regard to the actual

distance pdf, it is impractical to compute and expensive to store the pdf precisely.

In this paper, we propose a totally different approach that uses a standard distribution to

approximate the distance pdf because it usually needs only afew parameters to represent a

standard distribution. The choices of standard distributions we consider include Gaussian and

Gamma distributions. A Gaussian distribution can be simplyrepresented with two parameters:

the mean and the variance, while we can usek and � to represent a Gamma distribution. This

approach can signi�cantly reduce the storage space of the distance pdf. Furthermore, for other

query processing and data mining tasks where the distance isone of their input parameters,

our approach also helps �rst to increase the accuracy of the results (compared with expected

distance), and second to reduce the computational cost (compared with actual distance pdf).

The two main issues we are going to address are how we can ef�ciently obtain the mean

and the variance, and how close this approximation is compared with the actual distance pdf.

In Section II, we will review some work related to uncertain data management and distance

calculation. In Section III, we will provide a formal problem de�nition. We will also propose

several methods to calculate the parameters of the standarddistribution approximations of the

actual distance pdf. Section IV discusses and analyses the results of our performance study.

Section V concludes this paper.

II. RELATED WORKS

Research on probabilistic relational databases began in 1980s [6], [7], [8], [9]. An earlier

attempt was made to incorporate probabilities of disjoint events (tuples) [6] or attributes [7] into

the relational data model. The algebra and independence assumption among attributes in [7]

were extended respectively with new operations [8] and withdifferent probabilistic strategies

and interval probabilities [9]. Aggregate operations werethen considered in [10]. The research



on uncertain data management was further extended to other kinds of databases such as temporal

databases [11] and object-oriented databases [12]. The semi-structured (XML) databases were

also extended with an independence assumption [13], arbitrary probabilistic distributions among

children with a formal theory and algebra [14] as well as interval probabilities [15].

While there has been a great deal of work on supporting uncertainty in databases, there has

been little work on updating or proposing new measurement de�nitions for uncertain objects.

Traditional data mining processes often use distance as a metric. Different distance measures, like

city-block distance or Minkowski-distance, have been usedin measuring the similarity between

interval data [16], but the probability distribution functions of the intervals are not taken into

account in most of the metrics.

To measure the similarity between two (probability) distributions, statisticians and mathemati-

cians have posited various kinds of divergence (KL -divergence [17],� 2-divergence [18],K -

divergence [19]). In their de�nitions, the divergence value between two distributions is smaller

if they are more similar. They focus on how similar two distributions are, not on how close

two objects' locations may be. For example, consider two uncertain objectsoa and ob whose

pdfs follow the same Gaussian distribution so the divergence value between them is0. However,

if the actual locations ofoa and ob are independent, then whenoa is actually at a particular

location, ob may be at any location, following its own Gaussian distribution. Therefore, the

actual spatial distance betweenoa andob is unlikely to be 0. This shows why divergence is not

suitable if we are interested in the distance between two objects (no matter expected distance or

possible distances) rather than in the similarity of their probability distributions. We remark that

the minimal distance between two uncertain objects can be achieved, i.e., the actual distance is

always zero, only when (i) each of them has only one possible location and those two locations

are the same, or (ii) they have more than one possible location but oa is always at the same

actual location asob.

Fuzzy logic [20] is another related research area. There aretwo approaches to handle uncertain

data: con�dence intervals are assigned to the feature values, or probability density functions are

used to indicate the likelihoods of certain feature values.In [21], the distance between two fuzzy

sets is de�ned as(1 � s) wheres is a similarity measure between them. The complete fuzzy

distance is computed by aggregating the “point-wise” comparisons of the membership functions

for uncertain objects, which also inevitably involves expensive computations. The membership



here, different from pdf, denotes the degree that a value is amember of a fuzzy set, which is

different from what the pdf we mentioned above would like to represent. Moreover, unlike the

pairwise calculations, the point-wise comparisons only consider the memberships of the pair of

the �rst values from two fuzzy set together, and then the pairof the second values together,

and so on. They do not consider the cases of different combinations. In the other words, they

also focus on the similarity in “distributions” of the memberships rather than on the difference

between all possible values of two sets. In summary, the workin fuzzy logic cannot be applied

to our problem.

The de�nitions of distance between uncertain objects whichcombine spatial distance and

probability distribution allow a more general analysis andmore possible applications. In [22]

the expected distance is used to measure the similarity between uncertain objects. The integration

during the expected distance calculation is done by sampling using the Monte Carlo method.

While the claim is that the probabilistic similarity join can be used to develop clustering methods

for uncertain data, it is not clearly shown how this can be done. The application of expected

distance is demonstrated in [2] to improve the ef�ciency of their clustering algorithm. However,

their expected distance calculations are very expensive since they have to compute pairwise

distances between all pairs of possible locations (or grid cells or samples).

In our previous result [5], after deriving analytic solutions of expected distances between

uncertain objects with uniform pdf in line segments, circles and spheres, we derive an analytic

solution of expected distance between two multidimensional uncertain objects with Gaussian

distributions. This solution helps us in producing the approximate method of computing expected

distances for the general case: uncertain objects given with arbitrary pdfs. After taking random

samples according to the object's arbitrary pdf, we computetheir mean and variance. We

approximate an object's original pdf using a Gaussian distribution by the mean and variance.

We can then use the analytic solution derived above to compute the expected distance between

two objects. We have proved theoretically that the expecteddistance computed in this way is

equivalent to the result of the much more expensive pairwisecomputations using the samples.

In all the de�nitions above, the distance between two uncertain objects is expressed by one

numerical value, i.e., the expected distance. However, this cannot tell the user other possible

distance values nor how likely it is that the actual distanceis the same as the expected distance.

For instance, given an expected distance value for uncertain objectsoa and ob as d, we do not



know the probability that the distance betweenoa andob is in the range[d� 1; d+ 1] . In [22], it

is proposed to express the distance by a pdf which assigns a probability to each possible distance

value. Unavoidably, the computation of this distance pdf isvery expensive.

Recently researchers are also interested in various data mining tasks on uncertain data. Ex-

amples include clustering on uncertain data [2][3] and frequent-itemset mining on probabilistic

transactions [23] where the latter is an important step in association-rule mining on uncertain

data.

III. D ISTANCE DISTRIBUTION BETWEEN TWO UNCERTAIN OBJECTS

In this section, we �rst formally de�ne the expected distance, the distance distribution (pdf),

and distance cumulative pdf (cdf) between two uncertain objects. Some of these de�nitions have

been used similarly in recent research papers such as [2] and[5]. Second, we present methods

to calculate the mean (expected distance) of distance distribution and approximate the variance

of distance distribution. Then, we present several methodsto approximate the actual distance

distribution for uncertain objects based on the above results.

A. Problem De�nition

If we view an attribute as a dimension, then the union of the domains of all attributes produces

a multidimensional space where a certain object is represented as a point. Due to the uncertain

nature or actual system limitation in the data collection phase, the imperfect data quality leads

to uncertain attribute values of an object. Therefore an uncertain object may be represented

as a set of points, each of which is a possible location of the object. A discrete probability

distribution function is used to represent the distribution of the probabilities of the possible

locations. Alternatively, an uncertain object may also be represented as a (�nite or in�nite)

region, which covers the possible locations of the object (especially when the number of possible

locations is not �nite). We call this region the uncertaintydomain of objectoi , denoted asUD(oi ).

A continuous probability distribution function (or probability density function, pdf),pi , is used

to indicate the probability density of each possible location x within the region. Therefore
R

UD (oi ) pi (x) dx = 1.

Given two random vectorsx; y to denote the location of two points in the multidimensional

space, we useD(x; y) to denote the distance betweenx and y. Consider two objectsoi , oj ,



the actual locations ofoi , oj are denoted byf (oi ); f (oj ) with pdfs pi , pj , wheref (oi ) returns

a random vector indicating the actual (but unknown) position of object oi in the real world.

UD(oi ) andUD(oj ) are the uncertainty domains ofoi andoj . The following gives the expected

distance and the pdf of the distance betweenoi andoj .

E(D(f (oi ); f (oj ))) =
Z

UD (oj )

Z

UD (oi )
D(x; y)P(f (oi ) = x)P(f (oj ) = y j f (oi ) = x) dx dy

(1)

P(f (oi ) = x) returns the probability that the actual position of objectoi is x. P(f (oj ) =

y) j f (oi ) = x) returns the conditional probability that the actual position of objectoj is y given

that the actual position of objectoi is x.

Throughout this article, we assume that all uncertain objects' pdfs are mutually independent.

Otherwise, we will need to have an enormous joint probability table to represent all probabil-

ities of different combinations of positions of all objects, which is impractical. Based on this

assumption,P(f (oj ) = y j f (oi ) = x) in Equation 1 becomesP(f (oj ) = y), which is equal to

pj (y). Also, P(f (oi ) = x) = pi (x). Equation 1 becomes the following:

E(D(f (oi ); f (oj ))) =
Z

UD (oj )

Z

UD (oi )
D(x; y)pi (x)pj (y) dx dy (2)

We can de�ne a pdfD i;j which returns the probability of a distance value as follows:

D i;j (s) =
Z

UD (oj )

Z

UD (oi )
F (D(x; y); s)pi (x)pj (y) dx dy (3)

wheres is a non-negative real number;F (D(x; y); s) = 1 if D(x; y) = s; F (D(x; y); s) = 0

otherwise. In the other words,D i;j (s) returns the probability density that the distance between

objectsoi ; oj is actuallys.

A cumulative pdf (cdf)obtained fromD i;j , which returns the probability that the distance

betweenoi andoj is no larger thans, is de�ned as

CD i;j (s) = P(D(f (oi ); f (oj )) � s) =
Z s

0
D i;j (a) da (4)

We can represent the expected distance and the variance of distance betweenoi and oj in

terms ofD i;j (s):

E(D(f (oi ); f (oj ))) =
Z 1

0
D i;j (s)s ds (5)



V ar(D(f (oi ); f (oj ))) =
Z 1

0
[s � E(D(f (oi ); f (oj )))] 2D i;j (s) ds (6)

Note: in this article, the distance functionD refers to thesquared Euclidean distance, i.e.,

D(f (oi ); f (oj )) = kf (oi ) � f (oj )k2, because of its easier integration compared with Euclidean

distance or Manhattan distance. For certain objects, the uncertain domains in the above formulae

become their exact locations.

Theoretically, if two Gaussian distributed scalarsxw � N (� i;w ; � 2
i;w ), andyw � N (� j;w ; � 2

j;w )

(representing thewth dimension of objectsoi ; oj ) are two Gaussian random variables, then

zw = xw � yw is also a Gaussian distribution withzw � N (� i;w � � j;w ; � 2
i;w + � 2

j;w ) [24]. Because

the sum of squares of Gaussian random variables obeys a non-central chi-square distribution [25],

we know that the distance betweenoi andoj (i.e.,
P

w z2
w) also follows a non-central chi-square

distribution. However, it is very hard to calculate the parameters for this distribution. Besides,

it cannot be used for objects with non-Gaussian pdfs. Therefore in this paper we will propose

how to use some simpler standard distributions to approximate the actual distance distribution

between arbitary objects.

The following sections propose an ef�cient method to calculate the expected distance and

several methods to approximate the variance of distance. With the mean and variance, we could

approximate the distance distribution by a single Gaussiandistribution or a Gamma distribution.

B. Expected Distance

In [5], several methods are proposed to calculate the expected distance, among which Ap-

proximation by Single Gaussian (ASG) can obtain results of very high accuracy in a very short

execution time. ASG takes random samples in an uncertain object, then approximates the object

by a single Gaussian distributionN (� i ; � i ) where� i and � i are the mean and the covariance

matrix of the samples.� i is a diagonal matrix where each diagonal element is the variance of

oi 's samples in each dimension. The expected distance betweentwo Gaussian distributions can

be obtained by:

E[D(f (oi ); f (oj ))] = k� i � � j k2 + trace(� i ) + trace(� j ) (7)

wheretrace(� i ) is the sum of all diagonal elements in� i , i.e., the variance of samples ofoi .

In [5], a theorem states that the expected distance obtainedabove is equivalent to the result

of computing the average of distances between all random samples.



In addition to using the mean and the variance of an object's samples, the following shows

that the expected distance can be computed by using the mean and mean of squareof an object's

samples. In at-dimensional space, whereni and nj are the numbers of samples of objectsoi

and oj respectively, we can write the expected distance as the meanof distances between all

pairs of samples:

� = E [D(f (oi ); f (oj ))]

=
1
ni

1
nj

n iX

u=1

n jX

v=1

jj xu � yv jj2

=
1
ni

1
nj

n iX

u=1

n jX

v=1

tX

w=1

(xu;w � yv;w )2

=
1
ni

1
nj

n iX

u=1

n jX

v=1

tX

w=1

(x2
u;w + y2

v;w � 2xu;w yv;w )

=
tX

w=1

[
1
ni

n iX

u=1

x2
u;w +

1
nj

n jX

v=1

y2
v;w � 2

1
ni

n iX

u=1

xu;w
1
nj

n jX

v=1

yv;w )]

=
tX

w=1

[E (x2
w ) + E(y2

w ) � 2E(xw )E (yw )]: (8)

This result shows that we can preprocess the uncertain objects by calculating the mean (E(xw))

and mean of square (E(x2
w)) of each object's samples for each dimensionw.

C. Variance of Distance

Although the expected distance expresses the distance withthe consideration of the object's

pdf, it cannot re�ect the distribution of the distance values between two uncertain objects.

Varianceis an important parameter that helps to indicate how likely the actual distance value may

vary from the expected distance. As introduced in Section 1,we would also like to approximate

the distance pdf by some standard distribution. The expected distance described in the previous

section and the variance discussed here will be used as the mean and the variance of the Gaussian

approximation of the distance pdf. They will also be used to determine the parametersk and

� of a Gamma distribution. In this section, we will propose several methods to calculate the

variance.

1) Variance Approximated by Pairwise between Random Samples (VAPRS): An intuitive

method to calculate the variance involves the computation of the squared difference between

the samples' distanceskxu � yvk2 and the expected distance� , as shown in Equation 9. For



eacht-dimensional object withn samples, the computation complexity isO(n2t).

V ar[D (f (oi ); f (oj ))]

=
1
ni

1
nj

n iX

u=1

n jX

v=1

(kxu � yv k2 � � )2

=
1
ni

1
nj

n iX

u=1

n jX

v=1

[
tX

w=1

(xu;w � yv;w )2 � � ]2 (9)

2) Variance Approximated by Sample-based Statistics (VAS): It is very expensive to calculate

the distances between all samples pairwisely. Therefore, we propose a more ef�cient method

VAS. The following shows that the result ofVAS (Equation 10) is equivalent to the result of

VAPRS(Equation 9), given the same sets of samples.

From Equation 9,

V ar[D (f (oi ); f (oj ))]

=
1
ni

1
nj

n iX

u=1

n jX

v=1

f
tX

w=1

[(xu;w � yv;w )4 � 2� (xu;w � yv;w )2] + � 2 + 2
t � 1X

t 1 =1

tX

t 2 = t 1 +1

(xu;t 1 � yv;t 1 )2(xu;t 2 � yv;t 2 )2g

=
1
ni

1
nj

n iX

u=1

n jX

v=1

f
tX

w=1

(xu;w � yv;w )4 � � 2 + 2
t � 1X

t 1 =1

tX

t 2 = t 1 +1

(xu;t 1 � yv;t 1 )2(xu;t 2 � yv;t 2 )2g

=
tX

w=1

f E (x4
w ) + E(y4

w ) + 6 E(x2
w )E (y2

w ) � 4E(x3
w )E (yw ) � 4E(y3

w )E (xw )g � � 2

+2
t � 1X

t 1 =1

tX

t 2 = t 1 +1

f E (x2
t 1

x2
t 2

) + E(y2
t 1

y2
t 2

) + E(x2
t 1

)E (y2
t 2

) + E(x2
t 2

)E (y2
t 1

) �

2[E (x t 1 x2
t 2

)E (yt 1 ) + E(yt 1 y2
t 2

)E (x t 1 ) + E(x2
t 1

x t 2 )E (yt 2 ) + E(y2
t 1

yt 2 )E (x t 2 )] + 4 E(x t 1 x t 2 )E (yt 1 yt 2 )g (10)

As Equation 10 shows, we can �rst preprocess the objects and prepare the following4(t + t C2)

statistical parameters for each objectoi :

E(xw); E(x2
w); E(x3

w); E(x4
w;); E(xt1 xt2 ); E(x2

t1
xt2 ); E(xt1 x2

t2
); E(x2

t1
x2

t2
)

wherew = 1; 2; ::t; t1 = 1; 2; :::; t � 1; t2 = t1 + 1; :::; t.

For each object, it takesO(n) time to compute each of the above terms. Therefore, it takes

O(nt2) time to obtain all the aboveO(t2) terms, and(5t + 5 + 9 tC2 + 8) summations to obtain

V ar[D(f (oi ); f (oj ))] by Equation 10. The total time complexity isO(nt2) for each object. In

practice,t is usually far less thann, so this method performs much faster than the pairwise

methodVAPRS, especially for low-dimensional data with numerical attributes (e.g. spatial data).



3) Variance Approximated by Object's Mean and Variance (VAO): Similar to VAPRSand

VAS, we take random samples from an uncertain object. Instead ofcalculating the statistical

parameters using the samples directly as inVAS, we use the mean and variance of samples. We

assume that the distribution on one dimension is independent of another dimension. For each

objectoi ,8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

E(xw) = � i;w

E(x2
w) = � 2

i;w + � 2
i;w

E(x3
w) = � i;w (� 2

i;w + 3� 2
i;w )

E(x4
w) = � 4

i;w + 6� 2
i;w � 2

i;w + 3� 4
i;w

E(xt1xt2) = E(x i;t 1)E(x i;t 2)

E(x2
t1xt2) = E(x2

i;t 1)E(x i;t 2)

E(xt1x2
t2) = E(x i;t 1)E(x2

i;t 2)

E(x2
t1x2

t2) = E(x2
i;t 1)E(x2

i;t 2)
wherew = 1; 2; :::; t; t1 = 1; 2; :::; t � 1; t2 = t1 +1; :::; t; � i;w and� 2

i;w are the mean and variance

of the samples inwth dimension.

Substituting the above values to Equation 10, we will get another approximate value for the

variance. The pre-processing time for preparing the parameters (those expected values) inVAO

is much less thanVASbecauseVAOonly needs to keep� i;w and� i;w while scanning all objects.

D. Approximation Methods for Distance Distribution

After describing the methodsVAPRS, VASand VAO to approximate the variance of distance

pdf in the previous section, we can now introduce the corresponding methods to approximate

the distance pdf using a Gaussian distribution or a Gamma distribution

1) Distribution Approximated by Pairwise between Random Samples (DAPRS): VAPRScon-

siders all sample pairs and calculates their distances to obtain their variance. Since many of the

possible distances (not all possible distances because we only take samples and do not consider

all possible locations of the objects) are obtained in this procedure, we can directly use these

distance values to produce a rough distribution. By counting the number of the resulting values

that lie within an interval, we can obtain a rough approximation of the probability density of that

interval. This approach,DAPRS, is very expensive and may produce a jig-saw curve when the

sample number is small or when the interval is too small. It isalso more expensive to store this



distribution (a probability density value per interval) compared with the next two approaches.

When the sample number tends to in�nity, the curve produced by DAPRSwill become the actual

distance pdf.

2) Distribution Approximated by Gaussian with Sample-based Statistics (DAGS): DAGStakes

random samples from uncertain objects, collects a set of statistical parameters for each of them,

and approximates a distance pdf by a Gaussian distribution with the mean and variance calculated

as described in Section III-B and III-C.2. Since the distance is always non-negative,DAGSwill

cut off the Gaussian distribution curve at zero distance value and set the probability density to be

zero for negative distance values.DAGSwill then distribute the area under curve for the negative

distance values to the positive part symmetrically, which is further explained as follows. Given

the original Gaussian distribution, letpr (x) denote the probability density when the distance

between two uncertain objects isx, the probability densityp(x) given byDAGSis de�ned as

p(x) =

8
><

>:

pr (x) + pr (� x) x � 0

0 otherwise
(11)

In DAPRS, we either (i) repeat taking samples whenever we want to obtain the distance pdf

between two objects, which takes a lot of time, or (ii) take samples at the beginning and store

them for future use, which takes a lot of space. In contrast,DAGS only needs to save a set

of statistical parameters which occupy much less space. Although it takes time to prepare for

the statistical parameters in the beginning for each object, much more time is saved by the fact

that the calculation of the variance of distance pdf is much faster than the pairwise distance

calculation inDAPRS. The reason is the number of pairwise distance calculationsin DAPRSis

quadratic to the number of samples. In addition, such expensive operation may occur for every

object pair and the number of object pairs is quadratic to thenumber of objects.

3) Distribution Approximated by Gamma with Sample-based Statistics (DAGmS): DAGmS

approximates a distance pdf by a Gamma distribution with mean (� ) and variance (var) calculated

as described in Section III-B and III-C.2. A Gamma distribution can be expressed as

p(x) =
xk� 1e� x

�

�( k)� k
(12)

p(x) is the probability density when the distance between two uncertain objects isx, with

� = k�; var = k� 2 (13)



According to Equation 13, we can set

k = � 2=var; � = var=� (14)

In practice, it is complex to calculate�( k) especially whenk is very large. We suggest taking

I intervals, each interval with lengths, and calculating the relative pdf as

pr (x i ) = xk� 1
i e� x i

� ; i = 1; :::; I (15)

then we can normalizepr (x i ) in order to obtainp(x)

p(x) = pr (x)=(s
IX

i =1

pr (x i )) (16)

4) Distribution Approximated by Gaussian with Objects' Means and Variances (DAGO):

Similar to DAGS, DAGO also uses a single Gaussian to approximate the distance pdf.The only

difference is that the variance of the Gaussian distribution is determined by Section III-C.3.

5) Distribution Approximated by Gamma with Objects' Means and Variances (DAGmO):

Similar to DAGmS, DAGmOalso uses a Gamma distribution to approximate distance pdf.The

only difference is that the variance of the Gamma distribution is determined by Section III-C.3.

E. Hybrid Schemes of Distribution Approximation

Figure 2 summarizes the main features of the above proposed methods. The following describes

two hybrid schemes which discriminate when a Gaussian or Gamma approximation may be

adopted while using sample-based statistics (DAGSandDAGmSas noted by� in Figure 2) and

object's mean and variance (DAGO andDAGmOas noted byy in Figure 2).

From the experimental results reported in the next section,we notice that whenk is small,

DAGmSusually performs stably well butDAGS's performance degrades signi�cantly. However,

when k is large, it is dif�cult to calculate�( k). Therefore we suggest a hybrid approach,

Distribution Approximated by Hybrid with Sample-based Statistics (DAHS). DAHSapproximates

a distance pdf either by a Gaussian distribution or by a Gammadistribution, with mean (� ) and

variance (var) calculated as described in Section III-B and III-C.2. Given a thresholdk0, when

k = � 2=var � k0, we useDAGmS; otherwise, we useDAGS.

Similar to DAHS, Distribution Approximated by Hybrid with Objects' Means and Variances

(DAHO) also uses a hybrid method approach. The only difference is that the variance of the

distribution is determined by Section III-C.3.



Fig. 2. Summary of distribution approximation methods

IV. PERFORMANCE STUDY

In this section, we evaluate the performance of our approximation scheme using real data

(RD) and synthetic data (SD1, SD2). We have done experimentsby simulations in Matlab using

a PC with 2.4 GHz Intel Pentium 4 CPU, and 1.5 GB RAM.

In the �rst set of experiments, we randomly extracted a subset of data from the real application

data of recordings of 95 Australia Sign Language signs [26].Designed as a computer game ac-

cessory sold at an affordable price, Nintendo PowerGlove uses ultrasound emitters and receivers

to measure four-dimensional data with low accuracy and precision. The four dimensions are

eight bits each for x (left/right), y (up/down), and z (backward/forward), and 4 bits for roll (is

the palm pointing up or down?).

The four attributes are originally normalized into the range [� 1; 1]. For more decent pre-

sentation, we avoid showing small decimal numbers by renormalizing the data into the range

[� 128; 128] ([0; 128] for attribute roll). To simulate the actual inaccuracy and impreciseness of

the raw measurements, we represent each attributea of each original data object by a pdf. The

pdf is a Gaussian distribution with mean� = a + e and standard deviation� where e (error



in mean) and� are random values uniformly distributed in[� 0:5; 0:5] and [0; 0:5]. This is an

enhanced version of simulations commonly used in existing work such as [27].

In the second set of experiments, dataset SD1 are generated in the way similar to that in [2].

10 uncertain objects are located in a100� 100two-dimensional space. Each object is randomly

located inside the space and represented by a minimum bounding rectangle (MBR) with random

lengths. Each MBR is divided into14� 14 grid cells. Each grid cell has a probability randomly

generated so that the sum of the probabilities of all cells isequal to one.

In the experiment which studies (i) the relationship between accuracy and the number of

dimensions and (ii) the performance of hybrid approaches, we use dataset SD2 where ten

uncertain objects are generated with the mean of every object located in [0,100] randomly for

each dimension. The pdf of each object is a superposition of four Gaussian distributions. The

variance of any Gaussian distribution and the distance between any two Gaussian distributions'

means are uniformly distributed within[0; 2] in each dimension. This is an enhanced version of

simulation used in [28].

A. Computational Cost of Approximation Methods for Distance Distribution

We �rst evaluate the computational cost of generating approximate distance pdfs for one

object pair byDAPRS, DAGS and DAGO. The preprocessing time is the time to prepare the

statistics values for each uncertain object. The executiontime is the time to calculate the

distance distribution function (Gaussian or Gamma). The execution time ofDAPRSis much

more expensive than that of other methods we proposed. SinceDAGmS, DAHSandDAGSshare

the same methodVAS, DAGmO, DAHOandDAGOalso use the same methodVAOin this process,

in the following we only display the computation cost ofDAGSandDAGO, for comparison with

DAPRS. Readers can refer toDAGSfor the results ofDAGmSand DAHS, and refer toDAGO

for the results ofDAGmOandDAHO. As shown in Figure 3 (a) and (d), the execution time of

DAPRSis longer and increases rapidly with the sample number whileDAGS, DAGO, DAGmS,

andDAGmOtake0:01 ms (RD) and0:007 ms (SD1).

Note that the execution time ofDAGSandDAGO does not include the preprocessing time to

get the statistical parameters for each object, which is shown in Figures 3 (b) and (e) for RD

and SD1 respectively. Since the number of object pairs (and hence the distance distributions) is

quadratic to the number of objects, the total execution timeof DAPRSincreases much faster with
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Fig. 3. Computational Cost

the object number and exceeds that ofDAGSandDAGOeven if they include the pre-processing

time.

For dataset RD and SD1, Figure 3(c) and (f) show that when the sample number is250 and

200 respectively, in all cases the total time forDAPRSis much longer than that of theDAGS

andDAGO. DAGO performs a bit faster thanDAGS.

B. Accuracy w.r.t. Number of Samples

We �rst de�ne how to measure the accuracies of the pdf and cdf.As shown in Figure 4(a),

the accuracy of one pdf (w.r.t. to the other pdf) is de�ned as the area of overlap between the

two pdf distributions (the shaded regionB). According to the pdf de�nition, the sum of areas

of regionsA andB equals to1, that of regionsB andC is also 1. Therefore the pdf accuracy

is always a value between0 and 1. The larger area the two pdfs overlap, the higher is the pdf

accuracy.

One possible way to de�ne the accuracy between two cdf curvesis to calculate1 � e where



e is the area of the difference between two cdf curves. However, since different object pairs

may have different ranges of the possible distance values, the area of the difference may tend

to be larger for distance pdfs with larger distance range. Itis also hard to normalizee so that

it is between0 and1. In order to make the accuracy comparable for different distributions, the

cdf accuracy can be de�ned as the average of the difference oftwo cdf curves, as shown in

Figure 4(b), across all distance values when the differenceis greater than zero. However, as the

two ends of a cdf curve usually tend to have very small slopes,if we also count the difference at

the two ends, the average value may be decreased signi�cantly, especially for distance pdfs with

larger distance ranges. Therefore, we suggest de�ning a con�dence interval (e.g.[0:05; 0:95] is

used in our experiments). The difference is considered onlywhen the cdf value of the actual

distance distribution is within this interval.

For each pdf, we sample40 pdf values (and also the corresponding cdf values) which are

evenly distributed across the range of distance values within [max(0; � � 2� ); � + 2 � ], where�

is the expected distance and� is the standard deviation of the distance distribution. This process

is also fast for Gaussian approximations(DAGS, DAGO) and Gamma approximations (DAGmS,

DAGmO). Both of them takes about0:9 ms.

Fig. 4. Accuracy of pdf and cdf

In all datasets SD, RD1 and RD2, there are some cases when thek (refer to Equation 14) is

very large, which is complicated to calculate the�( k) in Gamma approximation. Therefore, we

only show the results of Gaussian approximations in Sections IV-B, IV-C, and IV-E. Readers

can refer to Sections IV-D, IV-F and IV-G for the results of Gamma approximation. We will

take2000samples of each object and useDAPRSto denote the actual curves (ADD).

For dataset RD, Figures 5 (a) and (b) show the average pdf and cdf accuracies to approximate
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Fig. 5. Accuracy w.r.t. Number of Samples

the distance distribution for45 object pairs among10 objects with sample numbers varying from

100 to 400.

With 250 samples, the average pdf accuracies ofDAGSand DAGO vary with different pairs

of objects, but they are always within[0:828; 1] and [0:817; 1], the average cdf accuracies of

DAGSandDAGO are within0:968� 0:05 and0:962� 0:05 respectively.

The same experiments are also performed for dataset SD1. All10 uncertain objects are

randomly located in a100� 100 two-dimensional space. The MBR size varies from14� 14 to

42� 42. Their results are presented in Figures 5 (c) and (d). The pdfaccuracies ofDAGSand

DAGO vary with different pairs of objects, but they are always within [0:816; 1] and [0:794; 1].

The average cdf accuracies ofDAGS and DAGO are within 0:948� 0:05 and 0:943� 0:05

respectively.

Figures 5 (a)-(d) also show that the accuracies are increasing until the sample number increases

to 250 (RD) or 200 (SD1). Therefore we take250 (RD) or 200 (SD1) samples in the coming
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experiments and suggest taking250 (RD) or 200 (SD1) samples in practice.

C. Scalability w.r.t. Number of Dimensions

In this experiment, we will study the scalability with respect to the dimensionality, using

dataset SD2.

Figure 6 (a) and (b) show the average pdf and cdf accuracies for DAPRS, DAGSandDAGO

when sample number is100 and the number of dimension increases from2 to 6. The pdf

accuracies ofDAPRSand DAGSvary from 0:937 to 0:96. Their cdf accuracies are close and

�atten with the range from0:975 to 0:99. The pdf accuracy ofDAGO decreases from0:888 to

0:821 while its cdf accuracy decreases from0:958 to 0:937. The accuracy ofDAGO decreases

when the number of dimensions increases because the error ofvariance of distance pdf (estimated

by VAO) increases with the number of dimensions.
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Figure 7 (a) and (b) show the average pdf and cdf accuracies for DAPRS, DAGSandDAGO

for 6-dimensional data, when sample number varies from20 to 200. The pdf and cdf accuracies

of DAPRSandDAGSincrease with the sample number and become �atten when sample number

is larger than50.

Figure 8 (a) and (b) show the total time of45 and 4950object pairs for the three methods

respectively. The sample number of each object is100. DAPRSis the most time-consuming and

DAGO is a bit faster thanDAGS. The three methods increase almost linearly to the number

of dimensions. This is probably because the number of terms in the variance calculation is

proportional to the number of dimensions. For more object pairs, we can seeDAGO andDAGS

perform much better thanDAPRSobviously because the major overhead (i.e., calculating the

statistical parameters) only increases linearly to the number of objects.

D. Representative Cases

In this section, we will present the pdf and cdf of three typical cases of distance distributions

with analysis. The pdf and cdf curves ofDAGSandDAGO are almost identical in all cases and

hard to distinguish from each other in Figures 9 (a) - (l) for RD and Figures 10 (a) - (l) for SD1.

The pdf and cdf curves ofDAPRSresemble those of actual distance pdf (ADD) with jig-saw

shapes. Note that theADD curves are generated by taking2000samples in order to produce

smooth curves.

After examining the object pairs in the experiment of previous section, we found thatADD



can be classi�ed into three cases in general, Case 3 appears more frequently compared with Case

1 and 2. Gamma distribution approximations usually performbetter than Gaussian distribution

approximations. However, when thek in Equation 12 is very large, it is complex to calculate

the Gamma distribution. Therefore, in the later sections, we will mainly study the Gaussian

approximation. The following describes the three cases with some typical example found in the

experiments.

1) Case 1: When dm , the distance between centroids (mean of samples) of two objects, is

relatively small compared with the objects' variances so that ADD pdf has a maximum at a

distance value much smaller than the expected distance, thetwo Gaussian approximations are

deviated fromADD pdf, while the two Gamma approximations are still close toADD pdf. The

approximate Gamma cdf distributions are closer toADD cdf than the approximate Gaussian cdf

distributions.

For dataset RD, Figures 9 (a) (d) (g) (j) show the Gaussian andGamma approximations for

pdfs and cdfs (compared withADD) whendm is relatively very small compared with the objects

variances. Thef x; y; z; roll g of the two uncertain objects aref 1; � 3; 13; 0g and f 1; � 3; 13; 0g.

For DAPRS, DAGS, DAGO, DAGmSand DAGmO, the pdf accuracies are0:982, 0:860, 0:824,

0:957, 0:932 and the cdf accuracies are0:990, 0:949, 0:940, 0:976, 0:971.

For dataset SD1, Figures 10 (a) (d) (g) (j) show the Gaussian and Gamma approximations for

pdfs and cdfs (compared withADD) whendm is 1108 and the MBR size is56� 56. For DAPRS,

DAGS, DAGO, DAGmS, DAGmO, the pdf accuracies are0:971, 0:807, 0:812, 0:951, 0:944, and

the cdf accuracies are0:997, 0:918, 0:915, 0:972, 0:967.

In this case, Gamma distribution approximations perform better than Gaussian distribution

approximations.

2) Case 2:Whendm goes larger and/or the variances of the objects go smaller, the maximal

point of ADD pdf gets closer to that of the Gaussian approximations (which is equal to expected

distance). The approximate Gaussian cdfs also get closer toADD cdf. However, the Gamma

approximations are still closer toADD than the Gaussian approximations.

For dataset RD, Figures 9 (b) (e) (h) (k) show the Gaussian andGamma approximations

for pdfs and cdfs when thef x; y; z; roll g of the two uncertain objects aref 1; � 3; 13; 0g and

f 1; � 2; 14; 0g. For DAPRS, DAGS, DAGO, DAGmSandDAGmO, the pdf accuracies are0:985,

0:876, 0:820, 0:962, 0:958 and the cdf accuracies are0:991, 0:955, 0:937, 0:972, 0:968.



For dataset SD1, Figures 10 (b) (e) (h) (k) show the pdfs and cdfs whendm is 1108and the

MBR size is21� 21. For DAPRS, DAGS, DAGO, DAGmSandDAGmO, the pdf accuracies are

0:989, 0:875, 0:883, 0:948, 0:937 and the cdf accuracies are0:997, 0:949, 0:946, 0:967, 0:965.

3) Case 3: When dm is relatively large and/or the variances of the objects are small, the

Gaussian and Gamma distributions can approximateADD pdf very well. The approximate

Gaussian and Gamma cdfs are also very close toADD cdf.

For dataset RD, Figures 9 (c) (f) (i) (l) show the pdfs and cdfswhen thef x; y; z; roll g of

the two objects aref 28; 35; 13; 0g and f 31; 34; 14; 0g. For DAPRS, DAGS, DAGO, DAGmSand

DAGmO, the pdf accuracies are0:980, 0:944, 0:941, 0:967, 0:965 and the cdf accuracies are

0:992, 0:988, 0:986, 0:990, 0:987.

For dataset SD1, Figures 10 (c) (f) (i) (l) show the pdfs and cdfs whendm is 932 and the

MBR size is14� 14. For DAPRS, DAGS, DAGO, DAGmSandDAGmO, the pdf accuracies are

0:985, 0:935, 0:918, 0:962, 0:960 and the cdf accuracies are0:996, 0:985, 0:973, 0:989, 0:989.

E. Accuracy vs Relative Certainty

From the three representative cases in Section IV-D, we haveseen that when the distance

between centroids of two objects are relatively too small compared with the variances of the

two objects, the accuracies ofDAGSandDAGOseem to become worse. In this section, we will

investigate into how therelative certainty of two objectswill affect the accuracy of the Gaussian

approximations. The relative certainty of two objects is de�ned as the ratio of “distance between

means of two objects” to “the product of standard deviationsof two objects”, i.e.,dm=(� 1 � � 2),

wheredm is the distance between the centroids of the two objectso1 ando2, � 1 and� 2 are the

square root of the variances ofo1 ando2 respectively. We use dataset SD1 for this experiment.

1) Fixed Variance, Varied Distance between Means:The MBR size is �xed as14� 14, the

distance between means of two objects increases from5 to 932. Figures 11 (a) and (b) show

that the accuracies ofDAGSandDAGO are very close and increase with the relative certainty.

2) Fixed Distance between Means, Varied Variance:The MBR size increases from14� 14 to

56� 56 while the distance between two objects' means is �xed as1108. Figures 11 (c) and (d)

show that the accuracies ofDAGSandDAGO are very close and �rst increase with the relative

certainty, then �atten and �nally decrease.



The result probably suggest that higher the relative certainty of two objects, higher accuracy

the Gaussian approximations can obtain.

F. Accuracy w.r.t. Different Orientations of Skewnesses inObjects' pdfs

In order to see the relationship between the approximation accuracies and the objects' relative

orientations of the skewnesses of their pdfs, we have studied two special cases in dataset SD1.

1) Skewed pdfs in parallel with Distance Vector:The distance vector between means of two

objects and the skewed directions of the pdfs of two objects are all in the same direction (see

Figure 12 (a)). In this experiment, two objects with MBR5 � 0:1 placed in this way have the

distance of their centersdm as 1; 9; 25 respectively, the actual distance pdf curves (ADD) and

approximation curves look like the three representative cases in Section IV-D. TheADD curve

is generated by taking2000samples, other curves by taking200 samples. The pdf accuracies

of the three cases are0:702, 0:861, 0:932 for DAGS, and0:922, 0:925, 0:930 for DAGmS. The

larger thedm , the higher is the pdf accuracy of the Gaussian approximation. dm does not affect

the pdf accuracy of the Gamma approximation. The cdf accuracies of both Gaussian and Gamma

approximations are larger than0:90 for all cases. Both approximation methods work well.

2) Skewed pdfs perpendicular to Distance Vector:The distance vector between means of two

objects and the skewed directions of the pdfs of two objects are perpendicular to each other (see

Figure 12 (b)). In this experiment, two objects with MBR5 � 0:1 placed in this way have the

distance of their centersdm as 1; 9; 25 respectively. TheADD distance and pdf approximation

curves are shown in Figure 13. The accuracies of pdf are all around0:71 for DAGmSand0:69

for DAGS. The accuracies do not change much whendm changes. Both Gaussian and Gamma

approximation methods are not very good in this case.

We have also done experiments on similar orientations for3D objects, and �nd that when the

distance direction (between means) and the skewed directions of the objects are all in parallel,

the Gaussian and Gamma approximation could perform better.

G. Accuracies for Gaussian, Gamma and Hybrid ApproximationAlgorithms

To study the performance of Gaussian (DAGO, DAGS), Gamma (DAGmO, DAGmS) and

Hybrid (DAHO, DAHS) approximation algorithms, we have done experiment on dataset SD2

with dimension number varied from2 to 4. Whenk is small, Gamma approximation performs



better than Gaussian approximation; whenk is large, it is dif�cult to calculate�( k). We set

k0 = 12 (the threshold in Section III-E and Section III-E) ) forDAHO andDAHS. The accuracy

of DAGO, DAGmOand DAHO is similar to that ofDAGS, DAGmSand DAHS. Therefore we

only show the results ofDAGS, DAGmSandDAHSunder differentk in Figure 14. The results

show thatDAHSperforms well whenk varies from 0 to 50. The pdf and cdf accuracies ofDAHS

are always over0:90 and0:95 respectively.

V. CONCLUSION

We have described the limitation of expected distance, and the importance of calculating and

representing the distance distribution between an uncertain object pair in queries and data mining

applications. We have proposed two Gaussian approximationapproaches to represent the actual

distance distribution, which can be calculated and stored ef�ciently and effectively. There are

two main factors that in�uence the accuracy: the accuracy ofvariance approximation, and the

accuracy of the approximation by the Gaussian model. Experimental results show that with200

- 250samples, the average pdf accuracies ofDAGSandDAGO are about92%for real data and

90% for synthetic data (SD1). Their average cdf accuracies are about 96% for real data and

94%for synthetic data (SD1). The accuracy ofDAGSis very close toDAGO in SD1 but higher

than DAGO in SD2. This is because for SD2, each object is generated froma mixture of four

Gaussian distributions. Compared with SD1, the distribution of an object's pdf in SD2 on one

dimension is much more dependent of another dimension. Therefore, the variance estimated by

VAO becomes less accurate.

In contrast with the long execution time of9:31 ms (RD, 250 samples) and4:49 ms (SD1, 200

samples) for the pairwise methodDAPRSon each of45 object pairs, both DAGS and DAGO

take a mere0:01 ms for RD and0:007 ms for SD1.

We suggest thatDAGOandDAGSmake it practical for the research communities to de�ne and

develop more powerful queries and data mining tasks based onthe distance distribution (rather

than just the expected distance). With only two parameters (mean and variance), the storage space

of the distance pdf can be reduced signi�cantly. We also propose Gamma (DAGmO, DAGmS) and

Hybrid (DAHO, DAHS) approximation methods using similar parameters (mean andvariance)

to Gaussian (DAGO, DAGS) approximation. Whenk is small, Gamma approximation performs

better than Gaussian approximation; whenk is large, however, it is dif�cult to calculate�( k).



Therefore, we propose Hybrid approximation, whose pdf and cdf accuracies are always over

90% and 95% respectively. Our future work includes using other functions to represent the

actual distance pdf in special cases where the Gaussian approximations have a lower accuracy.
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Fig. 9. Representative Cases of RD
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Fig. 10. Representative Cases of SD1
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Fig. 13. Cases for vertical placed objects
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(c) Average pdf accuracies for 3D data
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Fig. 14. Average accuracies of Gaussian, Gamma and Hybrid approximations (dataset SD2)


