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Abstract

In this paper, we consider the problem of ef cient computatdf distance between uncertain objects.
In many real-life applications, data such as sensor reading weather forecasts are usually uncertain
when they are collected or produced. An uncertain objecat@®bability distribution function (PDF) to
represent the probability that it is actually located in atipalar location. A fast and accurate distance
computation between uncertain objects is important to mamgertain query evaluation (e.g., range
queries and nearest-neighbor queries) and uncertain datagnasks (e.g., classi cations, clustering
and outlier detection). However, existing approacheslias/distance computations between samples of
two objects, which is very computationally intensive. Oredvand, it is expensive to calculate and store
the actual distribution of the possible distance valuewbeh two uncertain objects. On the other hand,
the expected distance (the weighted average of the paidissgnces among samples of two uncertain
objects) provides very limited information and also ressrithe de nitions and usefulness of queries
and mining tasks.

In this paper, we propose several approaches to calculatadian of the actual distance distribution
and approximate its variance. Based on these, we suggeéshéactual distance distribution could be
approximated using a standard distribution like GaussiaGamma distribution. Experiments on real
data and synthetic data show that our approach producespanxapation in a very short time with
acceptable accuracy (abd@%). We suggest that it is practical for the research commesnitd de ne
and develop more powerful queries and data mining tasksdbasehe distance distribution instead of

the expected distance.

. INTRODUCTION

Sensor networks and image processing produce uncertartittt with the recent growth in
these activities, is of interest to researchers workingaw to support various kinds of interesting
gueries and data mining of these data. While there has bearga &mount of research work
done on mining and queries on relational databases, the foasi been on databases that store
data in exact values. In many real-life applications, havethe raw data such as sensor data are
usually uncertain when they are collected or produced.&sunf uncertain data include readings
from sensors, information extracted using probabilistatspng of input sources, classi cation
results of image processing using statistical classi eesults from predictive programs used
for the stock market, and weather forecasts in meteoroldbggse uncertain data may be in
the form of an exact value with margins of error, sometimethvar without a probability

distribution (or density) function. The result may also lepresented as an interval or a set



of values, one of which may be the real value. However, sirmgittonal databases store only
exact values, uncertain data are usually transformed iréztedata by, for example, taking

the weighted average or mean value (for quantitative ate#) or by taking the value with the

highest frequency or possibility. This makes the storageryand mining much simpler because
it allows the use of existing commercial database systerdsyaning techniques, but there is an
obvious shortcoming: By approximating the uncertain seutata values, the intermediate and
nal results from the mining tasks and queries will also ber@ximate and may be wrong. For

example, the locations of centroids of clusters deviatenftbe real ones; errors may appear in
the calculation of distances between objects; or some datab® even assigned to the wrong
clusters.

The distance between two data objects is a measurement miseious queries and data
mining tasks such as nearest-neighbor queries and chugtéeig., K-means clustering [1]).
While it is very simple to calculate the distance between &xact data objects by applying
a distance formula, it is not trivial when the two data olbgedbcations are uncertain. An
uncertain object has more than one possible location. i edjecto; hasn; possible locations,
then we havenin, possible distances between objeotsand o, for every possible pairwise
combination of their locations. Given a probability dibtriion P; of the possible locations of
objecto;, we can calculate a probability distribution of the possitlistances. This result is very
informative but it is very expensive to compute, especialhen the number of possible locations
is in nite. Instead, as in [2], an expected distance is uséittv calculates the average of all the
possible distances between samples weighted by their Ipitities. Recent research related to
data mining on uncertain data such as [2], and [3] obtainexipected distance by assuming that
the information of the precise probabilities of all possibdcations are known in advance. The
information is either represented as (i) a discrete prditahiistribution function (PDF) where
probabilities are given on the nite set of possible locasp or (ii) a continuous probability
distribution function (or probability density functiondf) where the probability density is de ned
on a region.

The expected distance can be directly used, for examplearest-neighbor queries for nding
the nearest neighbors, or in clustering for nding the chustentroid closest to an object, and
in outlier detection for nding outliers which do not have armgh neighbors within a speci ed
threshold distance [4]. Note that the independence assomgit the probability distributions of



objects is used throughout this article.

The expected distance and the distance distribution ¢he.,actual probability distribution
function (pdf) of possible distances) are two extremes & ripresentation of the information
about the distance between two uncertain objects. In owiqure work [5], a fast approximate
method was proposed to calculate the expected distandeowgh this expected distance value
expresses the distance between two uncertain objects irp@mo@iate way, the information
from the expected distance is still very limited. Thus, teendions of queries and mining tasks
based on that are very restricted and might be misleadingaltiee use of only the expected
distance instead of the distance distribution.

Figure 1 illustrates how the choice of using the expectethdee or the distance distribution
may affect the decision as to whether two uncertain objeetxlkassi ed as neighbors. Figure 1
(a) shows two uncertain objects, 0,. Figure 1 (b) shows the expected distance and the
distribution of distance values between them. If we de ne ttvo objects as neighbors when
their expected distance is not greater than a threshalden in this examplep, and o, are not
neighbors. However, if we closely examine the distanceritigion, we will nd that in fact
there is more tha®0% probability that their distance is smaller than r. It alsoess with the
following fact in statistics: “the mean may not be equal te thedian in a skewed distribution”.
This example shows that the expected distance does notienflg take into consideration the

uncertain information of the objects and thus fails to paeduseful and even interesting results.
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Fig. 1. Expected distance and distance distribution betwe® uncertain objects

In addition to the high time complexity due to the all pairevisomputations, another disad-
vantage of computing the actual distance pdf is the high abstoring the distance pdf. Since
there is no simple formula to describe a distance pdf betvi@enarbitrary uncertain objects,

in practice we can only store an approximation of the distgodf. For example, we can store



the probability for each interval of the distance valuesafgér interval means a smaller storage
space but it also means a lower accuracy.

In summary, there are three main disadvantages to the rexistiethods of representing
distances between uncertain objects: First, in consigefie distance between the means of
two objects they ignore the pdf of uncertain objects. Secavith regard to expected distance,
current approaches lose the information of all possibléadie values (and their probabilities)
and instead only the average of these values is returnedthamt] with regard to the actual
distance pdf, it is impractical to compute and expensivetdoesthe pdf precisely.

In this paper, we propose a totally different approach thedsua standard distribution to
approximate the distance pdf because it usually needs orfiéwaparameters to represent a
standard distribution. The choices of standard distridngiwe consider include Gaussian and
Gamma distributions. A Gaussian distribution can be simpjyresented with two parameters:
the mean and the variance, while we can ksend to represent a Gamma distribution. This
approach can signi cantly reduce the storage space of tsiamtie pdf. Furthermore, for other
guery processing and data mining tasks where the distanoaesof their input parameters,
our approach also helps rst to increase the accuracy of éselts (compared with expected
distance), and second to reduce the computational costp@eu with actual distance pdf).

The two main issues we are going to address are how we careeflgi obtain the mean
and the variance, and how close this approximation is coegpaith the actual distance pdf.
In Section Il, we will review some work related to uncertaiatal management and distance
calculation. In Section IIl, we will provide a formal prololede nition. We will also propose
several methods to calculate the parameters of the stamlistrcbution approximations of the
actual distance pdf. Section IV discusses and analysesegdts of our performance study.

Section V concludes this paper.

II. RELATED WORKS

Research on probabilistic relational databases began 80s16], [7], [8], [9]. An earlier
attempt was made to incorporate probabilities of disjousngs (tuples) [6] or attributes [7] into
the relational data model. The algebra and independenecenasisn among attributes in [7]
were extended respectively with new operations [8] and wlifferent probabilistic strategies

and interval probabilities [9]. Aggregate operations weten considered in [10]. The research



on uncertain data management was further extended to atiets &f databases such as temporal
databases [11] and object-oriented databases [12]. Thesserotured (XML) databases were
also extended with an independence assumption [13], arpiprobabilistic distributions among
children with a formal theory and algebra [14] as well as nvek probabilities [15].

While there has been a great deal of work on supporting usiogytin databases, there has
been little work on updating or proposing new measurementittens for uncertain objects.
Traditional data mining processes often use distance agracnigifferent distance measures, like
city-block distance or Minkowski-distance, have been usecheasuring the similarity between
interval data [16], but the probability distribution furans of the intervals are not taken into
account in most of the metrics.

To measure the similarity between two (probability) dlaitions, statisticians and mathemati-
cians have posited various kinds of divergenké. (divergence [17], 2-divergence [18]K -
divergence [19]). In their de nitions, the divergence valbetween two distributions is smaller
if they are more similar. They focus on how similar two distiions are, not on how close
two objects' locations may be. For example, consider twoediain objectso, and o, whose
pdfs follow the same Gaussian distribution so the divergaratue between them & However,
if the actual locations ob, and o, are independent, then whex is actually at a particular
location, 0, may be at any location, following its own Gaussian distidit Therefore, the
actual spatial distance betweepnando, is unlikely to be 0. This shows why divergence is not
suitable if we are interested in the distance between tweabbj(no matter expected distance or
possible distances) rather than in the similarity of thealyability distributions. We remark that
the minimal distance between two uncertain objects can bhewed, i.e., the actual distance is
always zero, only when (i) each of them has only one possiaation and those two locations
are the same, or (ii) they have more than one possible locédtid o, is always at the same
actual location asy,.

Fuzzy logic [20] is another related research area. Therenar@pproaches to handle uncertain
data: con dence intervals are assigned to the feature salueprobability density functions are
used to indicate the likelihoods of certain feature vallile$21], the distance between two fuzzy
sets is dened agl s) wheres is a similarity measure between them. The complete fuzzy
distance is computed by aggregating the “point-wise” camspas of the membership functions

for uncertain objects, which also inevitably involves expige computations. The membership



here, different from pdf, denotes the degree that a valuensember of a fuzzy set, which is

different from what the pdf we mentioned above would like épresent. Moreover, unlike the
pairwise calculations, the point-wise comparisons onlgsider the memberships of the pair of
the rst values from two fuzzy set together, and then the pdithe second values together,
and so on. They do not consider the cases of different cormibiisg In the other words, they

also focus on the similarity in “distributions” of the menmblips rather than on the difference
between all possible values of two sets. In summary, the wofluzzy logic cannot be applied

to our problem.

The de nitions of distance between uncertain objects whiombine spatial distance and
probability distribution allow a more general analysis andre possible applications. In [22]
the expected distance is used to measure the similaritydeetwncertain objects. The integration
during the expected distance calculation is done by sagplsing the Monte Carlo method.
While the claim is that the probabilistic similarity joinrtde used to develop clustering methods
for uncertain data, it is not clearly shown how this can beeddFhe application of expected
distance is demonstrated in [2] to improve the ef ciency ledit clustering algorithm. However,
their expected distance calculations are very expensiveesihey have to compute pairwise
distances between all pairs of possible locations (or geits ©r samples).

In our previous result [5], after deriving analytic solut® of expected distances between
uncertain objects with uniform pdf in line segments, ciscénd spheres, we derive an analytic
solution of expected distance between two multidimendiomaertain objects with Gaussian
distributions. This solution helps us in producing the appnate method of computing expected
distances for the general case: uncertain objects giveamaviiitrary pdfs. After taking random
samples according to the object's arbitrary pdf, we comphir mean and variance. We
approximate an object's original pdf using a Gaussian ithstion by the mean and variance.
We can then use the analytic solution derived above to coenttigt expected distance between
two objects. We have proved theoretically that the expedisthnce computed in this way is
equivalent to the result of the much more expensive pains@aputations using the samples.

In all the de nitions above, the distance between two uraerbbjects is expressed by one
numerical value, i.e., the expected distance. Howeves, ¢annot tell the user other possible
distance values nor how likely it is that the actual distaiscine same as the expected distance.

For instance, given an expected distance value for unoeotgiectso, ando, asd, we do not



know the probability that the distance betwegrando, is in the rangdd 1;d+1]. In [22], it
is proposed to express the distance by a pdf which assigrsbalptity to each possible distance
value. Unavoidably, the computation of this distance pdfasy expensive.

Recently researchers are also interested in various dategniasks on uncertain data. Ex-
amples include clustering on uncertain data [2][3] and desg-itemset mining on probabilistic
transactions [23] where the latter is an important step Boe@sation-rule mining on uncertain

data.

IIl. DISTANCE DISTRIBUTION BETWEEN TwWO UNCERTAIN OBJECTS

In this section, we rst formally de ne the expected distanthe distance distribution (pdf),
and distance cumulative pdf (cdf) between two uncertaieabj Some of these de nitions have
been used similarly in recent research papers such as [2][5dn8econd, we present methods
to calculate the mean (expected distance) of distancaliison and approximate the variance
of distance distribution. Then, we present several methodspproximate the actual distance

distribution for uncertain objects based on the above tesul

A. Problem De nition

If we view an attribute as a dimension, then the union of thmaas of all attributes produces
a multidimensional space where a certain object is reptedeas a point. Due to the uncertain
nature or actual system limitation in the data collectiomag®) the imperfect data quality leads
to uncertain attribute values of an object. Therefore aretam object may be represented
as a set of points, each of which is a possible location of thjecb. A discrete probability
distribution function is used to represent the distribatiof the probabilities of the possible
locations. Alternatively, an uncertain object may also bpresented as a ( nite or in nite)
region, which covers the possible locations of the objegpéeially when the number of possible
locations is not nite). We call this region the uncertaimtgmain of object;, denoted atlD(0,).
A continuous probability distribution function (or prokhty density function, pdf),p;, is used

to indicate the probability density of each possible lamatk within the region. Therefore
R
ub (o) PI(X) dx =1,

Given two random vectors;y to denote the location of two points in the multidimensional

space, we us® (x;y) to denote the distance betwegnandy. Consider two objects;, o,



the actual locations ofy, o are denoted by (a);f (o) with pdfs p;, p;, wheref (g) returns
a random vector indicating the actual (but unknown) positid objecto in the real world.
UD(a) andUD(o ) are the uncertainty domains of ando; . The following gives the expected
distance and the pdf of the distance betweeandg;.

z z
E(D(f (0):f(qg)) = D(x;y)P(f(a) = x)P(f(g) =y jf(a)= x)dxdy

UD(0) UD(0)
1)

P(f (o) = x) returns the probability that the actual position of objecis x. P(f (g;) =
y) j f (o) = x) returns the conditional probability that the actual positof objecto, isy given
that the actual position of objed; is x.

Throughout this article, we assume that all uncertain dbjgulfs are mutually independent.
Otherwise, we will need to have an enormous joint probabikible to represent all probabil-
ities of different combinations of positions of all objectshich is impractical. Based on this
assumptionP (f (g) = y j f (o) = x) in Equation 1 becomeB(f () = y), which is equal to
pi (y). Also, P(f (o) = x) = pi(x). Equation 1 becomes the following:

z z
E(D(f(0);f(9)) = D (x;y)pi(x)p; (y) dx dy 2

UD(q) UD(0)

We can de ne a pdD;; which returns the probability of a distance value as follows
z z

Di; (s) = U500 UD(o) F(D(X;y);s)pi(x)p (y) dx dy 3)
wheres is a non-negative real numbef;(D(x;y);s) =1 if D(x;y) = s; F(D(x;y);s) =0
otherwise. In the other word®);; (s) returns the probability density that the distance between
objectsa;; g is actuallys.

A cumulative pdf (cdfpbtained fromD;;, which returns the probability that the distance

betweeng andg is no larger thars, is de ned as
Z S
CD;ii (s)= P(D(f(a):T(g)) s)= Dij(a)da (4)
We can represent the expected distance and the variancestahcke betweew, and g in
terms ofDj; (s):

y4
ED(f (@)f (@)= Dy(9sds ©



z
Var(D(f (a);f(9)) = 01 [s E(D(f(a);f(q))I°Dy; (s)ds (6)

Note: in this article, the distance functidh refers to thesquared Euclidean distancee.,
D(f (0);f (9)) = kf (a) f(0)k? because of its easier integration compared with Euclidean
distance or Manhattan distance. For certain objects, tbertain domains in the above formulae
become their exact locations.

Theoretically, if two Gaussian distributed scalats N ( jw; &), andyw  N( jw; fw)
(representing thevth dimension of objects;0) are two Gaussian random variables, then
Zy = Xy Yw IS also a Gaussian distribution wily N ( . W |2W + fw) [24]. Because
the sum of squares of Gaussian random variables obeys aemralochi-square distribution [25],
we know that the distance betweenando (i.e., P w 22) also follows a non-central chi-square
distribution. However, it is very hard to calculate the paeders for this distribution. Besides,
it cannot be used for objects with non-Gaussian pdfs. Thezeh this paper we will propose
how to use some simpler standard distributions to appraerttee actual distance distribution
between arbitary objects.

The following sections propose an ef cient method to cadtelthe expected distance and
several methods to approximate the variance of distancth W& mean and variance, we could

approximate the distance distribution by a single Gausdistnibution or a Gamma distribution.

B. Expected Distance

In [5], several methods are proposed to calculate the eggetistance, among which Ap-
proximation by Single Gaussian (ASG) can obtain resultsesy \high accuracy in a very short
execution time. ASG takes random samples in an uncertagclihen approximates the object
by a single Gaussian distributiad( i; ;) where ; and ; are the mean and the covariance
matrix of the samples.; is a diagonal matrix where each diagonal element is the vegiaf
0's samples in each dimension. The expected distance bettmeebaussian distributions can

be obtained by:
E[D(f(0);f (@)= k i  k*+ trace( ;)+ trace( ;) (7)

wheretrace( ;) is the sum of all diagonal elements in, i.e., the variance of samples of
In [5], a theorem states that the expected distance obtahede is equivalent to the result

of computing the average of distances between all randonpleam



In addition to using the mean and the variance of an objeatspdes, the following shows
that the expected distance can be computed by using the mdanean of squaref an object's
samples. In a-dimensional space, wherg andn; are the numbers of samples of objeots
and g respectively, we can write the expected distance as the mokdistances between all
pairs of samples:

= E[D(f(a);f(g))]

11X X "
= —— IIXu  Yvl

ni n] u=1 v=1

11 XXX

— (Xuw yv;w)2
PP u=1 v=1 w=1

11 X XX X 5
= nini (Xu;w + Yyw 2Xuw Yviw )
PP u=1 v=1 w=t
X X 1 X 1 X 1 X
= [_ Xﬁ;w + — y\g;w 2— Xuw — Yvw )]
w=1 ni u=1 nj v=1 ni u=1 nj v=1
= [E(x¢)+ E(va)  2E(xw)E(yw)]: (8)
w=1

This result shows that we can preprocess the uncertaintslijgccalculating the meare(xy,))

and mean of squaré€(x2)) of each object's samples for each dimension

C. Variance of Distance

Although the expected distance expresses the distancethéthonsideration of the object's
pdf, it cannot re ect the distribution of the distance vadubetween two uncertain objects.
Varianceis an important parameter that helps to indicate how like¢ydctual distance value may
vary from the expected distance. As introduced in Sectiomelywould also like to approximate
the distance pdf by some standard distribution. The exfdetitgance described in the previous
section and the variance discussed here will be used as te amel the variance of the Gaussian
approximation of the distance pdf. They will also be used étetmine the parameteksand

of a Gamma distribution. In this section, we will propose esal methods to calculate the

variance.

1) Variance Approximated by Pairwise between Random Sam(MAPRS): An intuitive
method to calculate the variance involves the computatioth® squared difference between
the samples' distancds<, Yy k? and the expected distance as shown in Equation 9. For



eacht-dimensional object witm samples, the computation complexity@¢n?t).

Var[D(f (a);f (9))]

11 XX 2 2

- n_la u=1 v=1 (kxu ka )
11X XX

= P [ (Xuw yV;W)2 ]2
PP y=1 v=1 w=t

)

2) Variance Approximated by Sample-based Statistics (VAS) very expensive to calculate
the distances between all samples pairwisely. Therefoeeprepose a more ef cient method

VAS The following shows that the result &AS (Equation 10) is equivalent to the result of

VAPRS(Equation 9), given the same sets of samples.
From Equation 9,

Var[D(f (a);f (9))]

1 1 Xi Xi X 4 ) ) X1 X 5
= n—n— f [(Xu;w yv;w) 2 (Xu;W yV;W) ]+ +2 (XU§t1 yV;tl) (XU§t2
PP u=1 v=1 w=t t1=1 to=ty+1
1 1 X Xi X . ) X1 X ) )
= o f Xuw  Yvw) +2 Kuty  Yvit)“Xut,  Yvit,)“0
PP u=1 v=1 w=t ti=1 to=ty+1
Xt
= FE(Xw) + E(yw) *+6E(XQE(YS) 4E(Q)E(W) 4E(YVS)E(Xxw)g 2
w=1
X1 X
+2 FE(X?,x5,) + E(YAYS) + E(x{)E(YS) + E(X)E(YE)

t1=1 tr=t1+1

yV;tz)zg

2[E (xt, X5, )E (Ye,) + E(Ye, VS )E (X)) + E(X{ Xt,)E (Vi,) + E (Y7 Yio)E (Xt,)] + 4 E (Xt, Xt,)E (Y, Y, )9 (10)

As Equation 10 shows, we can rst preprocess the objects amolpe the followingl(t + C,)

statistical parameters for each object
E(xw); E(6G) EOG) E(XG)) E (Xt Xe,); E(XE Xe.); B (X X7,); E(OKE X7,)
wherew =1;2;::t;t; = 1,25t Lita =t + 100t

For each object, it take®(n) time to compute each of the above terms. Therefore, it takes
O(nt?) time to obtain all the abov®(t?) terms, and5t + 5+ 9 C, + 8) summations to obtain
Var[D(f (0); f (9))] by Equation 10. The total time complexity &(nt?) for each object. In
practice,t is usually far less tham, so this method performs much faster than the pairwise

methodVAPRS especially for low-dimensional data with numerical &itites (e.g. spatial data).



3) Variance Approximated by Object's Mean and Variance (YASimilar to VAPRSand
VAS we take random samples from an uncertain object. Insteazhlofilating the statistical
parameters using the samples directly a¥Af we use the mean and variance of samples. We

assume that the distribution on one dimension is indepdnofeanother dimension. For each

obgecta;,
E(Xw) = iw
ECG) = fwt fu
EGG) = w( fw+3 fu
E(x¢)= f, +6 2, 2 +3 &

E (Xt1Xt2) = E(Xit1) E (Xit2)

E (X% Xi2) = E(XZ1)E (Xix2)

E (xu1Xf) = E(Xit1) E(XF 2

E(x3X5) = E(Xf1)E(XE,
wherew =1;2; 5 t5t, =120t 1t = t+1; 005t 4. and ,2W are the mean and variance
of the samples irwth dimension.

Substituting the above values to Equation 10, we will gettla@oapproximate value for the

variance. The pre-processing time for preparing the paenfhéthose expected values)\WAO

is much less thaWASbecausé/AO only needs to keep;.,, and i,, while scanning all objects.

D. Approximation Methods for Distance Distribution

After describing the method¢APRS VASand VAO to approximate the variance of distance
pdf in the previous section, we can now introduce the comedimg methods to approximate
the distance pdf using a Gaussian distribution or a Gamntdkdison

1) Distribution Approximated by Pairwise between Randomm@as (DAPRS): VAPR&nN-
siders all sample pairs and calculates their distancestairotheir variance. Since many of the
possible distances (not all possible distances becausanlydaike samples and do not consider
all possible locations of the objects) are obtained in th@cedure, we can directly use these
distance values to produce a rough distribution. By cogntite humber of the resulting values
that lie within an interval, we can obtain a rough approxiorabf the probability density of that
interval. This approachDAPRS is very expensive and may produce a jig-saw curve when the

sample number is small or when the interval is too small. &l more expensive to store this



distribution (a probability density value per interval)ngpared with the next two approaches.
When the sample number tends to in nity, the curve produce®RAPRSwill become the actual
distance pdf.

2) Distribution Approximated by Gaussian with Sample-baSttistics (DAGS): DAGtakes
random samples from uncertain objects, collects a set tstital parameters for each of them,
and approximates a distance pdf by a Gaussian distributithntkie mean and variance calculated
as described in Section I1I-B and 1lI-C.2. Since the distargalways non-negativ®AGSwill
cut off the Gaussian distribution curve at zero distancaevaind set the probability density to be
zero for negative distance valu€AGSwill then distribute the area under curve for the negative
distance values to the positive part symmetrically, whiHurther explained as follows. Given
the original Gaussian distribution, Igt(x) denote the probability density when the distance

between two uncertain objectsxs the probability densityp(x) given by DAGSis de ned as

8
2
p(xX)+p( x) x O
px)=_ ' _ (12)
-0 otherwise

In DAPRS we either (i) repeat taking samples whenever we want toirobite distance pdf
between two objects, which takes a lot of time, or (ii) takenpbkes at the beginning and store
them for future use, which takes a lot of space. In cont@#GS only needs to save a set
of statistical parameters which occupy much less spacé&oAgh it takes time to prepare for
the statistical parameters in the beginning for each opjaath more time is saved by the fact
that the calculation of the variance of distance pdf is muaster than the pairwise distance
calculation InDAPRS The reason is the number of pairwise distance calculaiio@APRSis
guadratic to the number of samples. In addition, such expemgperation may occur for every
object pair and the number of object pairs is quadratic tontlmber of objects.

3) Distribution Approximated by Gamma with Sample-baseattistics (DAGmMS): DAGMS
approximates a distance pdf by a Gamma distribution withmiepand variancevar) calculated

as described in Section IlI-B and 1lI-C.2. A Gamma distribntcan be expressed as

xk g *
(k)X
p(x) is the probability density when the distance between twcertat objects ix, with

p(x) = (12)

= k;var = k ? (13)



According to Equation 13, we can set
k= Z2=var, = var= (14)

In practice, it is complex to calculaté k) especially wherk is very large. We suggest taking
| intervals, each interval with lengthy and calculating the relative pdf as
pr(x)= xk e *i=1;u (15)
then we can normalizp, (X;) in order to obtainp(x)
X
p(x) = pr(X)=(s  pr(xi)) (16)
i=1
4) Distribution Approximated by Gaussian with Objects’ Meaand Variances (DAGO):
Similar to DAGS DAGO also uses a single Gaussian to approximate the distancd lpelfonly
difference is that the variance of the Gaussian distrilouisodetermined by Section I1I-C.3.
5) Distribution Approximated by Gamma with Objects’ Meamsl &/ariances (DAGmMO):
Similar to DAGmS DAGmMOalso uses a Gamma distribution to approximate distanceTa.

only difference is that the variance of the Gamma distriouis determined by Section III-C.3.

E. Hybrid Schemes of Distribution Approximation

Figure 2 summarizes the main features of the above proposttds. The following describes
two hybrid schemes which discriminate when a Gaussian or rE@amapproximation may be
adopted while using sample-based statistizdG@Sand DAGmSas noted by in Figure 2) and
object's mean and varianc®QAGO and DAGmOas noted byy in Figure 2).

From the experimental results reported in the next sectiannotice that wherk is small,
DAGmSusually performs stably well bUDAGSs performance degrades signi cantly. However,
when k is large, it is dif cult to calculate ( k). Therefore we suggest a hybrid approach,
Distribution Approximated by Hybrid with Sample-basedt&tics DAHS. DAHSapproximates
a distance pdf either by a Gaussian distribution or by a Gamtistabution, with mean () and
variance Yar) calculated as described in Section 1lI-B and IlI-C.2. Givethresholdkg, when
k= 2=var kg, we useDAGmMS otherwise, we us®AGS

Similar to DAHS Distribution Approximated by Hybrid with Objects’ Meansich Variances
(DAHO) also uses a hybrid method approach. The only differencéas the variance of the

distribution is determined by Section IlI-C.3.
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Fig. 2. Summary of distribution approximation methods

IV. PERFORMANCE STUDY

In this section, we evaluate the performance of our appration scheme using real data
(RD) and synthetic data (SD1, SD2). We have done experinignssmulations in Matlab using
a PC with 2.4 GHz Intel Pentium 4 CPU, and 1.5 GB RAM.

In the rst set of experiments, we randomly extracted a stibGdata from the real application
data of recordings of 95 Australia Sign Language signs [R@kigned as a computer game ac-
cessory sold at an affordable price, Nintendo PowerGloes uirasound emitters and receivers
to measure four-dimensional data with low accuracy andigi;et The four dimensions are
eight bits each for x (left/right), y (up/down), and z (backd/forward), and 4 bits for roll (is
the palm pointing up or down?).

The four attributes are originally normalized into the rarjg 1;1]. For more decent pre-
sentation, we avoid showing small decimal numbers by reabzing the data into the range
[ 128 128]([0; 128]for attribute roll). To simulate the actual inaccuracy amgpieciseness of
the raw measurements, we represent each attrédoofeeach original data object by a pdf. The

pdf is a Gaussian distribution with mean= a+ e and standard deviation wheree (error



in mean) and are random values uniformly distributed in 0:5; 0:5] and [0; 0:5]. This is an
enhanced version of simulations commonly used in existingkvguch as [27].

In the second set of experiments, dataset SD1 are generatbd way similar to that in [2].
10 uncertain objects are located il@0 100two-dimensional space. Each object is randomly
located inside the space and represented by a minimum buyineittangle (MBR) with random
lengths. Each MBR is divided intb4 14 grid cells. Each grid cell has a probability randomly
generated so that the sum of the probabilities of all cellsgisal to one.

In the experiment which studies (i) the relationship betwaecuracy and the number of
dimensions and (ii) the performance of hybrid approaches,use dataset SD2 where ten
uncertain objects are generated with the mean of every plgeated in [0,100] randomly for
each dimension. The pdf of each object is a superpositiowf Gaussian distributions. The
variance of any Gaussian distribution and the distance dmrtvany two Gaussian distributions'
means are uniformly distributed with{@; 2] in each dimension. This is an enhanced version of

simulation used in [28].

A. Computational Cost of Approximation Methods for Disemustribution

We rst evaluate the computational cost of generating apipnate distance pdfs for one
object pair byDAPRS DAGS and DAGO. The preprocessing time is the time to prepare the
statistics values for each uncertain object. The executime is the time to calculate the
distance distribution function (Gaussian or Gamma). Theceton time ofDAPRSis much
more expensive than that of other methods we proposed. ®IAGMS DAHS and DAGSshare
the same methodAS DAGmMQ DAHO andDAGOalso use the same methddOin this process,
in the following we only display the computation cost@AGSandDAGO, for comparison with
DAPRS Readers can refer tbAGSfor the results olDAGmSand DAHS and refer toDAGO
for the results oDAGmMOand DAHO. As shown in Figure 3 (a) and (d), the execution time of
DAPRSis longer and increases rapidly with the sample number wbA&S DAGO, DAGMS
and DAGmOtake 0:01 ms (RD) and0:007 ms (SD1).

Note that the execution time @AGSand DAGO does not include the preprocessing time to
get the statistical parameters for each object, which isvehio Figures 3 (b) and (e) for RD
and SD1 respectively. Since the number of object pairs (&mddrthe distance distributions) is

guadratic to the number of objects, the total execution fMeAPRSincreases much faster with
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Fig. 3. Computational Cost

the object number and exceeds thaD&AGSand DAGO even if they include the pre-processing
time.

For dataset RD and SD1, Figure 3(c) and (f) show that whendhgk number i250 and
200 respectively, in all cases the total time fDAPRSis much longer than that of thBAGS
and DAGO. DAGO performs a bit faster thaDAGS

B. Accuracy w.r.t. Number of Samples

We rst de ne how to measure the accuracies of the pdf and édf.shown in Figure 4(a),
the accuracy of one pdf (w.r.t. to the other pdf) is de ned las area of overlap between the
two pdf distributions (the shaded regi@). According to the pdf de nition, the sum of areas
of regionsA andB equals tol, that of regionB andC is also 1. Therefore the pdf accuracy
is always a value betwedhand 1. The larger area the two pdfs overlap, the higher is the pdf
accuracy.

One possible way to de ne the accuracy between two cdf cuivés calculatel e where



e is the area of the difference between two cdf curves. Howesiace different object pairs
may have different ranges of the possible distance vallesatea of the difference may tend
to be larger for distance pdfs with larger distance rangé Hlso hard to normalize so that
it is between0 and 1. In order to make the accuracy comparable for differentrithistions, the
cdf accuracy can be de ned as the average of the differendsvafcdf curves, as shown in
Figure 4(b), across all distance values when the differésnggeater than zero. However, as the
two ends of a cdf curve usually tend to have very small slopp@g also count the difference at
the two ends, the average value may be decreased signicaspecially for distance pdfs with
larger distance ranges. Therefore, we suggest de ning adeane interval (e.g[0:05; 0:95] is
used in our experiments). The difference is considered wiign the cdf value of the actual
distance distribution is within this interval.

For each pdf, we sampléO pdf values (and also the corresponding cdf values) which are
evenly distributed across the range of distance valuesmfithax(O; 2); +2 ], where
is the expected distance ands the standard deviation of the distance distributionsTgrocess
is also fast for Gaussian approximatiodd8GS DAGO) and Gamma approximationDAGMS
DAGmMQ. Both of them takes abow@9 ms.

‘L-pdf . . “Cdf
a2

average diference for
each d when the actual
cdf walue is within the
confidence interval,
£.g. [0.05,0.95]

d

Fig. 4. Accuracy of pdf and cdf

In all datasets SD, RD1 and RD2, there are some cases whén(teér to Equation 14) is
very large, which is complicated to calculate tik) in Gamma approximation. Therefore, we
only show the results of Gaussian approximations in SestlvrB, IV-C, and IV-E. Readers
can refer to Sections IV-D, IV-F and IV-G for the results ofr@aa approximation. We will
take 2000samples of each object and USAPRSto denote the actual curveADD).

For dataset RD, Figures 5 (a) and (b) show the average pdfdfratcuracies to approximate
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the distance distribution fof5 object pairs amon@0 objects with sample numbers varying from
100to 400

With 250 samples, the average pdf accuraciePsiGSand DAGO vary with different pairs
of objects, but they are always with{:828 1] and [0:817, 1], the average cdf accuracies of
DAGSand DAGO are within0:968 0:05and0:962 0:05 respectively.

The same experiments are also performed for dataset SD11Alincertain objects are
randomly located in 400 100two-dimensional space. The MBR size varies frath 14 to
42 42 Their results are presented in Figures 5 (c) and (d). Theapdfiracies oDAGSand
DAGO vary with different pairs of objects, but they are alwayshiwit[0:816 1] and [0:794 1].
The average cdf accuracies BIAGS and DAGO are within 0:948 0:05 and 0:943 0:05
respectively.

Figures 5 (a)-(d) also show that the accuracies are incrgasitil the sample number increases
to 250 (RD) or 200 (SD1). Therefore we tak250 (RD) or 200 (SD1) samples in the coming
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experiments and suggest takigg0 (RD) or 200 (SD1) samples in practice.

C. Scalability w.r.t. Number of Dimensions

In this experiment, we will study the scalability with respeo the dimensionality, using
dataset SD2.

Figure 6 (a) and (b) show the average pdf and cdf accuracieBA®RS DAGSand DAGO
when sample number i$00 and the number of dimension increases fr@nto 6. The pdf
accuracies oDAPRSand DAGSvary from 0:937 to 0:96. Their cdf accuracies are close and
atten with the range from0:975to 0:99. The pdf accuracy oDAGO decreases fror:888to
0:821 while its cdf accuracy decreases frdl®58to 0:937. The accuracy oDAGO decreases
when the number of dimensions increases because the ewariafce of distance pdf (estimated

by VAO) increases with the number of dimensions.
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Figure 7 (a) and (b) show the average pdf and cdf accuracieBA®RS DAGSand DAGO
for 6-dimensional data, when sample number varies f&ihto 200 The pdf and cdf accuracies
of DAPRSandDAGSincrease with the sample number and become atten when samyphber
is larger tharbO.

Figure 8 (a) and (b) show the total time 45 and 4950 0bject pairs for the three methods
respectively. The sample number of each objed(@ DAPRSIs the most time-consuming and
DAGO is a bit faster tharDAGS The three methods increase almost linearly to the number
of dimensions. This is probably because the number of tenrmthe variance calculation is
proportional to the number of dimensions. For more objeatspave can se®AGO and DAGS
perform much better thaDAPRSobviously because the major overhead (i.e., calculatieg th

statistical parameters) only increases linearly to the bemof objects.

D. Representative Cases

In this section, we will present the pdf and cdf of three tgpicases of distance distributions
with analysis. The pdf and cdf curves BAGSand DAGO are almost identical in all cases and
hard to distinguish from each other in Figures 9 (a) - (I) f@ &nd Figures 10 (a) - (I) for SD1.
The pdf and cdf curves dDAPRSresemble those of actual distance pADQ) with jig-saw
shapes. Note that th&DD curves are generated by taki2§00 samples in order to produce
smooth curves.

After examining the object pairs in the experiment of prergicsection, we found tha&DD



can be classi ed into three cases in general, Case 3 appeaesfraquently compared with Case
1 and 2. Gamma distribution approximations usually perftwetter than Gaussian distribution
approximations. However, when thein Equation 12 is very large, it is complex to calculate
the Gamma distribution. Therefore, in the later sections, will mainly study the Gaussian

approximation. The following describes the three caseh saime typical example found in the
experiments.

1) Case 1:Whend,,, the distance between centroids (mean of samples) of twectshjis
relatively small compared with the objects' variances sat kDD pdf has a maximum at a
distance value much smaller than the expected distancawth&aussian approximations are
deviated fromADD pdf, while the two Gamma approximations are still closeAfoD pdf. The
approximate Gamma cdf distributions are closeAfD cdf than the approximate Gaussian cdf
distributions.

For dataset RD, Figures 9 (a) (d) (g) (j) show the GaussianGaitima approximations for
pdfs and cdfs (compared withDD) whend,, is relatively very small compared with the objects
variances. Thé x;y; z; rollg of the two uncertain objects afel; 3;13,0g andfl1; 3;13; 0g.
For DAPRS DAGS DAGO, DAGmSand DAGmMQ the pdf accuracies ar@982 0:860, 0:824
0:957, 0:932 and the cdf accuracies a€e990 0:949 0:940 0:976 0:971

For dataset SD1, Figures 10 (a) (d) (9) (j) show the GaussidnGamma approximations for
pdfs and cdfs (compared withDD) whend,, is 1108 and the MBR size 56 56. For DAPRS
DAGS DAGO, DAGmS DAGmMQ the pdf accuracies a@971, 0:807, 0:812, 0:951, 0:944 and
the cdf accuracies a@997, 0:918 0:915 0:972 0:967.

In this case, Gamma distribution approximations perforrttebehan Gaussian distribution
approximations.

2) Case 2:Whend,, goes larger and/or the variances of the objects go smdiemaximal
point of ADD pdf gets closer to that of the Gaussian approximations (wis@qual to expected
distance). The approximate Gaussian cdfs also get closADD cdf. However, the Gamma
approximations are still closer t&DD than the Gaussian approximations.

For dataset RD, Figures 9 (b) (e) (h) (k) show the Gaussian@amehma approximations
for pdfs and cdfs when théx;y;z;rollg of the two uncertain objects arfel; 3;13,0g and
f1, 2;14;0g. For DAPRS DAGS DAGO, DAGmSand DAGmMQ the pdf accuracies a@985
0:876 0:82Q 0:962 0:958 and the cdf accuracies af991, 0:955 0:937, 0:972 0:968



For dataset SD1, Figures 10 (b) (e) (h) (k) show the pdfs afslwHend,, is 1108and the
MBR size is21 21 For DAPRS DAGS DAGO, DAGmSand DAGmQ the pdf accuracies are
0:989 0:875 0:883 0:948 0:937 and the cdf accuracies af097, 0:949, 0:946 0:967, 0:965

3) Case 3: Whend,, is relatively large and/or the variances of the objects analls the
Gaussian and Gamma distributions can approxin#D® pdf very well. The approximate
Gaussian and Gamma cdfs are also very clos&D® cdf.

For dataset RD, Figures 9 (c) (f) (i) (I) show the pdfs and odfen thefx;y; z;rollg of
the two objects ar€28; 35,13, 0g andf 31; 34; 14; 0Og. For DAPRS DAGS DAGO, DAGmSand
DAGmMQ the pdf accuracies ar@980Q, 0:944 0:941, 0:967, 0:965 and the cdf accuracies are
0:992 0:988 0:986 0:990 0:987.

For dataset SD1, Figures 10 (c) (f) (i) (I) show the pdfs ants edhend,, is 932 and the
MBR size is14 14. For DAPRS DAGS DAGO, DAGmSand DAGmQ the pdf accuracies are
0:985 0:935 0:918 0:962 0:960 and the cdf accuracies a996 0:985 0:973 0:989 0:989

E. Accuracy vs Relative Certainty

From the three representative cases in Section IV-D, we Baea that when the distance
between centroids of two objects are relatively too smathgared with the variances of the
two objects, the accuracies BRGSand DAGO seem to become worse. In this section, we will
investigate into how theelative certainty of two objectwill affect the accuracy of the Gaussian
approximations. The relative certainty of two objects isndd as the ratio of “distance between
means of two objects” to “the product of standard deviatioihtsvo objects”, i.e.dn=( 1  2),
whered,, is the distance between the centroids of the two objecsndo,, ; and , are the
square root of the variances of and o, respectively. We use dataset SD1 for this experiment.

1) Fixed Variance, Varied Distance between Meai$ie MBR size is xed asl4 14, the
distance between means of two objects increases #dm932 Figures 11 (a) and (b) show
that the accuracies @AGSand DAGO are very close and increase with the relative certainty.

2) Fixed Distance between Means, Varied Varianteée MBR size increases froi4 14to
56 56 while the distance between two objects' means is xedl&68 Figures 11 (c) and (d)
show that the accuracies DIAGSand DAGO are very close and rst increase with the relative

certainty, then atten and nally decrease.



The result probably suggest that higher the relative ggstaif two objects, higher accuracy

the Gaussian approximations can obtain.

F. Accuracy w.r.t. Different Orientations of Skewnesse®ljects' pdfs

In order to see the relationship between the approximationracies and the objects' relative
orientations of the skewnesses of their pdfs, we have studie special cases in dataset SD1.

1) Skewed pdfs in parallel with Distance Vectdrhe distance vector between means of two
objects and the skewed directions of the pdfs of two objexdsall in the same direction (see
Figure 12 (a)). In this experiment, two objects with MEBR 0:1 placed in this way have the
distance of their centerd,, as1;9; 25 respectively, the actual distance pdf curvé®D) and
approximation curves look like the three representativeesan Section IV-D. Thé&DD curve
is generated by taking000 samples, other curves by takir)0 samples. The pdf accuracies
of the three cases a®702 0:861 0:932for DAGS and0:922 0:925 0:930for DAGmS The
larger thed,,, the higher is the pdf accuracy of the Gaussian approximatip does not affect
the pdf accuracy of the Gamma approximation. The cdf ac@saxf both Gaussian and Gamma
approximations are larger th&m90 for all cases. Both approximation methods work well.

2) Skewed pdfs perpendicular to Distance Vecfbine distance vector between means of two
objects and the skewed directions of the pdfs of two obje@gparpendicular to each other (see
Figure 12 (b)). In this experiment, two objects with MER 0:1 placed in this way have the
distance of their centerd,, as1,;9; 25 respectively. TheADD distance and pdf approximation
curves are shown in Figure 13. The accuracies of pdf are alinaf0:71 for DAGmSand 0:69
for DAGS The accuracies do not change much whlgnchanges. Both Gaussian and Gamma
approximation methods are not very good in this case.

We have also done experiments on similar orientation8fbobjects, and nd that when the
distance direction (between means) and the skewed dinsctbthe objects are all in parallel,

the Gaussian and Gamma approximation could perform better.

G. Accuracies for Gaussian, Gamma and Hybrid Approxima#itgorithms

To study the performance of GaussidDAGO, DAGS, Gamma PAGmMQ DAGmS and
Hybrid (DAHO, DAHS approximation algorithms, we have done experiment onsgat&D2

with dimension number varied fror2 to 4. Whenk is small, Gamma approximation performs



better than Gaussian approximation; whens large, it is dif cult to calculate ( k). We set
ko = 12 (the threshold in Section IlI-E and Section IlI-E) ) fBAHO and DAHS The accuracy
of DAGO, DAGmOand DAHO is similar to that ofDAGS DAGmSand DAHS Therefore we
only show the results dbDAGS DAGmSand DAHS under differentk in Figure 14. The results
show thatDAHS performs well wherk varies from 0 to 50. The pdf and cdf accuracieDéfHS

are always ove0:90 and 0:95 respectively.

V. CONCLUSION

We have described the limitation of expected distance, hadmportance of calculating and
representing the distance distribution between an urinestgect pair in queries and data mining
applications. We have proposed two Gaussian approximappnoaches to represent the actual
distance distribution, which can be calculated and stofegleatly and effectively. There are
two main factors that in uence the accuracy: the accuracyasfance approximation, and the
accuracy of the approximation by the Gaussian model. Exyarial results show that witk00
- 250samples, the average pdf accuraciePAGSand DAGO are abou®2%for real data and
90% for synthetic data (SD1). Their average cdf accuracies boite96% for real data and
94%for synthetic data (SD1). The accuracy@AGSis very close tdDAGOin SD1 but higher
than DAGO in SD2. This is because for SD2, each object is generated &omixture of four
Gaussian distributions. Compared with SD1, the distrdoutbf an object's pdf in SD2 on one
dimension is much more dependent of another dimension.efdrey, the variance estimated by
VAO becomes less accurate.

In contrast with the long execution time 831 ms (RD, 250 samples) arti49 ms (SD1, 200
samples) for the pairwise meth@APRSon each of45 object pairs, both DAGS and DAGO
take a meré:01 ms for RD and0:007 ms for SD1.

We suggest thaDAGO andDAGSmake it practical for the research communities to de ne and
develop more powerful queries and data mining tasks basdtieodistance distribution (rather
than just the expected distance). With only two parameteesa and variance), the storage space
of the distance pdf can be reduced signi cantly. We also psgpGammalAGmQ DAGmMS and
Hybrid (DAHO, DAHS approximation methods using similar parameters (meanvandnce)
to Gaussian (DAGO, DAGS) approximation. Whkns small, Gamma approximation performs

better than Gaussian approximation; wheis large, however, it is dif cult to calculatg k).



Therefore, we propose Hybrid approximation, whose pdf asidaccuracies are always over

90% and 95% respectively. Our future work includes using other funetido represent the

actual distance pdf in special cases where the Gaussianxapgtions have a lower accuracy.
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